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Abstract. From the point of view of unification of differentiation theory, it is of interest 
to note that the general construction principle of Bertram, Glockner and Neeb leading to a 
C'' differentiability concept from a given one, besides subsuming the Keller — Bastiani 
differentiabilities on real Hausdorff locally convex spaces, also does the same to the 
" arc-generated " interpretation of the Lipschitz theory of differentiation by Frolicher and 
Kriegl, and likewise to the "compactly generated" theory of Seip's continuous differentia- 
bilities. In this article, we give the details of the proof for the assertion concerning Seip's 
theory. We also give an example indicating that the premises in Seip's various inverse and 
implicit function theorems may be too strong in order for these theorems to have much 
practical value. Also included is a presentation of the BGN- setting reformulated so as to 
be consistent with the Kelley - Morse - Godel - Bernays - von Neumann type approach to 
set theory, as well as a treatment of the function space constructions and development of 
their basic properties needed in the proof of the main result. 



Introduction and some preliminaries 

According to the introductions in [16] and [ 1171 ] , Seip's main motivation for the de- 
velopment of his theory of differentiation was to establish a setting with a "purely" 
topological basis where function spaces also beyond Banach spaces could be con- 
sidered as domains and ranges of differentiable maps, and where also some kind 
of "cartesian closedness" holds so that "exponential laws" would be available to 
facilitate proving smoothness of given maps. Seip grounded his theory on the ob- 
servation by Gabriel and Zisman [[7j; p. 47] that considering the k-extension of 
the compact open topology for the set of continuous functions between topological 
spaces gives rise to a cartesian closed category. 

A bit less imprecisely, the last assertion means the following. For a topological 
space X let kX denote the space with the same underlying set equipped with the 
finest topology such that the identity restricted on every compact set is continu- 
ous X kX . Call X compactly generated iff it is Hausdorff with kX = X. Let 
X r\Y = kP when P is the usual product space of X and Y, and let — kC 
when C is the compact open topological space of all continuous functions X Y . 
Then u i— > u, where ii : {x ,y) ^ u (y) (x) , defines a bijection (Z^)^ for 
any compactly generated X ,Y, Z. 
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In order to be still less imprecise, note that actually we do not have a bijection 
as just written, but from the underlying set of (Z'^)^ onto that of Z^^^ , that 
is CTj.j((Z"^)^) fTjj(Z'^^^) . However, it follows that the same function u 
is a homeomorphisni (Z^)^ Z^^^ . 

In Example [551 below, the use of this kind of exponential laws (Z^)^ « Z-^^^ 
in Seip's theory of differentiation is exemplified by giving a simple proof of Seip- 
smoothness EUE ^ kE of the map {x ,y) x o [t + y) ^ where we have the lo- 
cally convex test function space E = T>{]R) with I ~ id IFl . 

It is remarkable that the method of Example [51] applies although the locally 
convex space E is neither a canonical function space in Seip's theory, nor compactly 
generated by [[6|; Theorem 6.1.4 (iii) , Proposition 6.2.8 (ii) , pp. 190, 195]. Note that 
by a canonical function space in a theory of differentiation we mean any prearranged 
object of the theory which has as its underlying set the set of all order i differentiable 
functions f : E D U ^ F for some fixed E ,F,U,i. Having intrinsic exponential 
laws in a theory requires canonical function spaces. If there are no such, possible 
exponential laws have to established in an ad hoc manner, as for example in (new) 
particular cases of the general theory developed in [[2]] . 

However, it should be noted that although exponential laws may provide easy 
proofs of smoothness of maps between spaces of smooth functions, the same does not 
hold for maps between spaces of finite order differentiable functions. Since practical 
inverse and implicit function theorems may require some kind of use of Banach 
spaces, and since spaces of smooth functions seldom are such, we see that the goals 
of on one hand possessing exponential laws, and on the other hand having available 
usable inverse or implicit function theorems may be somewhat contradictory. 

Indeed, for example in [ [T6[ : pp. 55-57, 73, 80, 81, 92, 93] , inverse and implicit 
function theorems were provided. However, they were so formulated that their 
proofs within the theory became almost trivial, this having the consequence that 
verifying their presuppositions in practice became almost impossible. For instance, 
if with / = [0,1] we consider the diffeomorphism f : C°°{I) = G ^ G defined by 
X ^ Lp o X for a fixed nonaffine smooth diffeomorphism ip : IR ^ IR , we shall see 
in Example [57] below that / is not scharf differenzierhar at any constant point 
X = / X {^} when ^ £ K is such that (p"{C) ^ . 

In the literature, there do not seem to be any serious applications of Seip's 
theory of differentiation. Besides the facts given above, one possible reason for 
Seip's theory not having become popular may be the overwhelmingly "categorical" 
style of presentation in [ [TBI ] and [ [T7[ ] where also things more simply expressible 
without any notions of category theory have been stated in such terms. There also 
are some obscurities in the notations for the various categories. 

A good example of making simple matters obscure and complicated by jargoniz- 
ing them category-theoretically is [116'; Definition 8.6, p. 108] where a norm in a real 
locally convex Hausdorff space E with topology T just means any n G C satisfy- 
ing z £ n (z) C C\q-{n {x) + n{z — x)) for &\\ x ,z € A when A is the set of vectors 
of E and C is the set of bounded absolutely convex closed sets in E . A simple 
example of this kind of (rather useless?) "norm" \s A^ x ^ {tx : ~ \ <t . 
See also Example [58l below for some more details on this matter. 

Seip's theory of continuous differentiabilities in [[16]] and [[TT!] is one in the line 
of the theories of differentiation where some canonical function spaces are incorpo- 
rated in the theory wishing to obtain certain intrinsic exponential laws. In these 
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theories, there generally are no natural inverse and implicit function theorems. 
Other examples in this line can be found in , [[5]] , [[6,] and [15 ] . 

In the other line, one has theories more adapted to handling inverse or implicit 
function theorems, but function spaces generally have to be treated in an ad hoc 
manner. One example is the Banach space calculus around the classical continuous 
differentiabilities sketched in [3;; pp. 147 ff., 181-182]. Other examples are our 
modification in [ [TUl : pp. 237-241] of [[5]] , generahzing [[3]] , and the particular cases 
in [[5]] of [HI] which also generalizes [ [TCI ] and [[S]] , and a portion of [Jj] . Note also 
[[H; pp. 3-6, 22ff.] and [H; pp. 73 ff., 140-143] where quite special differentia- 
bility concepts are designed hoping to get certain "intrinsic" inverse and implicit 
function theorems applicable e.g. to some maps of Frechet function spaces. 

In this article, we concentrate on proving that indeed Seip's theory can be ob- 
tained as a particular case of the general construction in ["^j . We hope to give the 
proof of the corresponding assertion associated with the theory in [[6]] later. 

To one acquainted with the developments in [[1]] , [ [TBI ] and [[2]] , because of the 
manner the higher order differentiabilities are constructed in the last, it should not 
be a surprise that portions of the theories in the former are obtainable as particular 
cases of the construction in [|^] . 

Namely, one gets the higher order differentiabilities in [|2]] by a recursion us- 
ing the difference quotient family associating with a continuous f : E F the 
map /™ : ''E X E xK" F given by {x,u,t) i-> ^^(/(x + tii) - f{x)) for t in- 
vertible. In [Ij and [161] . one instead uses the derivative f : E ^ L given by 
f'{x) u = / (x , u , 0) with L a space of continuous linear maps E —> F having the 
exponential law property that a map ii' ^ L is continuous iff the associated map 
"E X E" ^ F is such. Differentiability being defined with the aid of a remainder 
condition, cf. [[1]; Definition 2.1, p. 39] and [16; Definition 4.2, p. 60], requiring 
continuity of the map {x,u,t) t-^ /'^'(a;,u,t) — f'{x)u, it is expectable that the 
different approaches lead to the same concepts. 

Although the results are not surprising, it is surprising that the proofs, when 
properly presented, are not at all straightforward or trivial. This may be considered 
as a consequence of the different modes of development in the theories. 

The contents of the present article consisting of a single section divided into this 
introduction and four subsections is roughly described by the following list of the 
titles of these subsections: 

A A reformulation of the general BGN - setting p. [7] 

B Compactly generated topologies, vector and function spaces p. [10] 

C Riemann integration of curves in topologized vector spaces p. [18] 

D Seip's higher order differentiability classes p. [21] 

In A wc reformulate the basic setting in [2] in order to get it accordant with the 
logically economical and precise notational system we followed in [11] and to be 
complemented below. In B we give the basic definitions and establish the basic facts 
concerning general compactly generated (vector) spaces and spaces of continuous 
functions needed in the sequel. In C we give a short account of the matter in the 
title to make things precise. In D we establish the main result of this article, given 
as the conjunction of Theorems [52] and [55] below. 

At the end of D we have included two examples of which Example [56] shows how 
the use of exponential laws in Seip's theory can be utilized to get simple proofs 
of smoothness of certain kind of maps. The purpose Example [57] is to raise the 
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question whether any serious apphcations of Seip's various inverse and impUcit 
function theorems are possible. 

In the above introduction, we used some notations more or less informally, which 
we abandon from now on. For example, we above let "^(a;)" denote the function 
value of M at a;. From now on, it is u^x. Precisely, for any classes u^x we define 
u^x = f]{y :\/ z ; {x, z) G u ^ y = z} deviating from [ 13 ; Definition 68, p. 261 ] 
in order to have Rx — [J also e.g. if (x ,y) , {x , z) e R with y ^ z . However, note 
that X = u{x)^^^i^^ for any function u and any class x. 

Likewise, the symbol 'n' no longer refers to any compactly generated product. 
Instead, we define EnF — {{a^^ E) x (cTj.^ F) , (r^^ E) ^ (r^^ F)) so that (see below) 
if E ,F are topologized K - modules, then E U F is the product of the underlying 
algebraic modules equipped the usual Tihonov product of the respective topologies. 
In particular, this applies when E , F are real topological vector spaces. 

Besides the preceding two ones, from now on we generally use also the other 
notational conventions of [[TT]] . In addition to these, we give the following 

1 Conventions. Working in a set theoretical setting closely (but not exactly) paral- 
Iclhng the presentation in [ fOl ; Appendix, pp. 250-281] , see also [ IT^ ] , and defining 
U = {x : X — x} and {x} = {z -.M y ] x € y ^ x = z} and {x, y } = {a;} U {y} , 
we have [ Vz ; z S {x} -ii^x — z]iix^y for some y , i.e. if a; is a set, otherwise 
having {a;} = U , i.e. for any set z it holds that z € {x} . 

Deviating from [[13]; Definition 48, p. 259], we define {x,y) = {{x ,y} , {y}} , 
and call P an ordered pair if and only if there are sets x,y with P = (x,y) . If a; 
or y is not a set, it follows that {x,y) — U . 

Adapting [[H; Definitions 51, 52, p. 259 ] , we define 

'Tr^z = [j[jz\[jf]zUf][jz and T,^z = f]f]z. 
Then x — (t^^ P and y = t-^^P hold for any ordered pair P — (x ,y) . Furthermore, 
we have (7^,^ U = r^.^ U = U , since for example 

a,,u-uuu\unuunuu-uu\u0unu = u\0u0 = u. 

We define {x ,y , z) = {{x ,y) , z) and {x ;y , z) = {x , (y , z)) and {x,y;u,v) — 
{x,y,{u, v)) and a^^ Z = a^^ (cr^j Z) and rcr^j Z — t^^ (a-,^ Z) . In an obvious man- 
ner, one may continue to get a succession of definitions for instance for {x ,y , z ,u) 
and (a; ; y , z, u) and fTj-d Z and ra^^ Z and r^cr^j Z , etc. 

With the aid of the preceding conventions, we can give a precise meaning to the 
concept of map. Any set T with {\J A : A C T } U {U nV : U ,V e T } C T be- 
ing called a topology, a topological space is any ordered pair X such that Tj.^X is a 
topology with a,^X = IJ t,^X. Letting f[A] = f-A = { y : 3 a; e A ; (x , y) G / } 
and / = { / "A : A e ^ } and T r\A = {Ur\A:U^T},hya. topological map 
(or topological morphism) we mean any ordered pair / such that topologies T and 
U and a function / exist with / C (IJ T) x (IJ U) and /"'"^iY C Tfl (dom/) and 
f = {T,L(,f) . A topological map / is called global iff IJ cr^ d / ^ dom r^^ /. 

We say that / is continuous T ii and only if / = (T, Z^, /) is a topological 
map. Equivalently, we may also say that / is continuous, or a continuous map, or 
that f : T —> U is continuous, or a continuous map. 

Note that we above did not want to mix the concept of topological space in that 
of topological map because this only would have made things more complicated. 
We only introduced the concept of topological space because in some (quite rare) 
connections we may be able to simplify wordings by using such a concept. 
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Instead of topological maps, we shall below mainly consider module or vector 
maps defined as follows. A ring (structure) on K is any ordered pair K such 
that functions a,c : IK^^' = K x IK ^ K exist with K = (a, c) and satisfying the 
usual ring postulates when we let s + i = o " (s , t) and st — C {s ,t) . The ring K 
is called commutative iff c is such, meaning that {(r,s,t) : {s ,r,t) g c} C c holds, 
and unital if and only if it possesses a unity 1 , meaning that 1 is a c- identity, i.e. 
that 07^{(r,s,t):{r,s} = {t,l}}|i?ir^^' Cc, and we also have 1 ^ O when we 
let O = Ok = n { 'S : (s I s I s) G cr^d K } . Let — rng a^^X. 

A structured K - module on S is any ordered pair E such that K is a commu- 
tative unital ring and functions a : S^^' — > S* and c : (vsK.) x S ^ S exist with 
a^^E = (a,c) and satisfying the usual module postulates when we let x + y = 
a^{x,y) and tx^c^{t^x). Defining VgE — vng a^^E , now a Vi-vector map is 
any ordered pair / such that structured K - modules E , F and a function / exist 
satisfying / C {vgE) x {vgF) and f = {E , F, f) . A vector map / we agree to say 
to be global if and only if VgCr^^ f C dom r^^ / holds. 

If in some connection we wish to be perfectly explicit about the structured (vec- 
tor space or) module with respect to whose linear structure the algebraic opera- 
tions in a given linear combination are to be taken, we shall use a notational device 
giving for example {x + t u)^^^ ^ = '^^d^^ 'T'^vd E^{t,u)) instead of the ambigu- 
ous "x + tu" . In a similar fashion, we have for example [{t} A + B + C ]^^,e = 
cr^j E [ crj.j E [ Ta^.^ E [{t} X A] X B] X C ] . If in such a connection we also have a 
function / with dom / C f^iJ, in view of [ 1131 : Theorem 69, p. 261] then writ- 
ing y = f^{{x + tu)^^^^) 7^ U is equivalent to writing x ,u € v^E and t & IK and 
x + tu ^ dom / and y — f {x + tu) in the looser convention. 

In the preliminaries to [ llll ] we gave the formal definition of the two topology 
Tihonov product T >f U . We omit the definition of the corresponding product 
Jl^jT" of an arbitrary small family T of topologies. The vector space product of 
two algebraic modules X ,Y is X y^Y . The corresponding product of a small family 
X is rivsK when each X e rng X is a K- module with K — v^K. . 

We further let = Uvsdom^T^^x (^x{^})- If ^ is a module (structure) 

and 5 is a submodule (set) therein, then X^s = {<^vd ^ \ S^"^' ,T^aX \ {U x S)) is the 
corresponding submodule structure. We let E/s ~ (o'rd-E' \s ^TidE H S) . 

For convenience, we modify our notation {t^ : z E S)" from [ [TT] ] as follows. 

We let (T : Oi, . . . t), : yC) = {3 : 3y,yi, . . . ; 3 = (y , T) and y € } when y,yi, 
. . . y^, , r) 1 , . . . t) ; , 3 are distinct variable symbols and T is a term and Q; is an expres- 
sion such that the expression y £ is a formula having the variable symbol y in the 
first place, and the common free variables in T and y € distinct from y , t)i , . . . t); are 
exactly yi , . . . y^ , and 3 does not occur free in T or y (£ . In the case where t)i , . . . t)i 
is an empty list, we let ( T : y £ } = ( T : : y £ } . Thus for example the class 

/ = (e^ + * :x= (s,t) eMxlR) 

= { z : 3x ,s ,t ; z = (a;,e'* + *) and x = {s ,t) E M x M} is the 

function defined on dom / = IRx JR, and whose value at x — {s ,t) E M x JR. is 
fx — e'*"'"*, and which one might express hy f : IR x IR 3 {s ,t) ^ 0^* + *. For g ~ 
{e^ : t : X = {s ,t) e IR X IR ) = { z : 3 X ; z = {x , e*) and x — {s ,t) e M x M} , we 
have g = {{s ,t ,e*)} if s,t G IR, and 5 = otherwise. 

When compared to our old convention, for example, if / is a function, then 
f = {fx : X = {fx : X £ dom / ) om = ( / ' 2; : / : a; G dom / } , whereas 

{f X : X € dom f) — {z: 3x,f]z — {x,f "x) and x G dom / } = U ^ ' . 
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Recall that a function (or family) is any / C U such that no x ,y , z exist with 
{x ,y) , {x , z) £ f and y ^ z . We generally put i?"' = { (y, a;) : (a;, y) e i? } and 
g o f — {[x , z) : 3y ; {x,y) £ f and {y , z) G g} . We shall also utilize the 

definitions f = {{x ,u) : $ u = {{y , z) : {x ,y , z) e f }} , 
"f^{{y,u):9^u = {{x,z):{x,y,z)ef}}, 
fi' ^ {{x,y,z) -.Bu; {x,u) e and {y,z) <Eu}, 
"/i = { (a; , y , 2) : 3 u ; {y,u) e and (x , z) G u } , 
pr^ = {{x,y,x) : x,y eU} , pi^ = {{x ,y ,y) ■ x ,y e U } . 

The large evaluation family is ev = { (x , u , y) : w function and (x , y) G w } . The 
evaluation family at x is ev^. = { (u, y) : m function and (x, y) G m } . 

Note that 0. = and 1. = {0} and 2. = { , 1.} and IN = 1N^\1., and that 
fc + 1. = fc+ = fc U {k} for k £ W^, and also that 00 = IN^ and 00+ = U {00} . 
If a; G U and y G U ' and k,l e Wo, then x^y = x U {y o {k + j : j e l)^"-) . 

For simplicity, we allow the notational inconsistency that for extended real num- 
bers s < t we have [s,t] = {r:s<r<t}, whereas for functions /, y we define 
[/iff] — {(^^Syj-z) : (x,y) G / and (x,z) Gy}. Proper notations for these would 
be for example [ s , t ] i and [ / , g ] f , respectively. 

We generally (but not exclusively, for example x~\-y-z=^(x + y)-z usually) 
apply the rule for reduction of parentheses given by the schema Tj. bj. . . . b^ Tq 
= (Tfc \ ... Tj) bi when the 1^ are terms and b^ are binary symbols. Also, we 
usually understand monadic symbols to act prior to the binary ones. For example, 
above we have cr,^ z = ((IJ (U 2)) \ (U (fl 2))) U (fl (U -2)) ■ Further, usually 
we let mj, . . . mg Tuq . . . U; = ((m^, . . . (mp X)) Uq) . . . n^ when the m^ and n^ are 
monadic. For example IJ = (IJ $)"'^ = { (y , x) : 3 / ; (x, y) G / G 3> } , and 
usually U 7^ U (^'"' ) • 

2 Remark. If we wished to give systematically our rules for the reduction of paren- 
theses so that the use of such vague words as "usually" could be avoided, we should 
give an exhaustive list of our function symbols, the symbols there being grouped 
according to their intended "level", like in [ iMl : Theory of notation, 0.30-0.48, pp. 
15-21], cf. the "type" and "power" there. The preceding rules then would be 
applied without exception when symbols on the same level are considered, whereas 
symbols on a higher level would act prior to those on a lower one. 

For example lev ' • ' > lev ' + ' and lev ' ""^^ ' > lev ' " ' so that we have r + s -t 
= r+{s-t) and /"B*^ = /"(B*^) = f[B''] , here '''^'^''p' being the invisible bin- 
ary function symbol the result of whose application to ' _B ' ' fc ' we write " B'"' . 

Since we accept this kind of "nonlinear" expressions which are discarded in [[T3]] , 
our theory of notation, if properly presented, is much more complicated than the 
one in [[11; pp. 15-26] . Note further that although lev 'f=^'<=-p' > lev '-I-', we have 
^k + i ^ Q(k + i)^ generally 5'^ + ' ^ B'' + 1 unless k = I = (d . 

3 Remark. Suppose, cf. [[Hi; p. 59], that one introduces the ordered Weihe pairs 
{x ,y)^^ = X , y = (Vsx) X (Vsy) — {{u ,v) : u C x and V C y} having the prop- 
erty that the implication [x,y = u,v^x — u and y = v ] holds for any classes 
X ,y ,u,v , and not only for such sets as in the case of our (reversed) Wiener pairs, 
and further the ordered Weihe tuples by the recursion schema (xj, , . . . x^ , Xo)„^ — 
Xk , ■ ■ ■ Xi , Xg — (xfe , . . . Xi) , Xq . Then one could manage with very few binary 
symbols and with no higher order ones except the Weihe tuple symbols themselves. 
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Indeed, for example given a j.- place function symbol q and introducing the mon- 
adic function symbol f by the definition 

f X — { u : y X I , . . . x^. ; X — X I , . . . x^. => u G g .t^ . . . Xj.} , 
one could totally eliminate g from one's set theoretic edifice. 

A. A reformulation of the general BGN -setting 

In [[5]; Definition 1.1, pp. 219-220], postulates are given for a (generally large) 
family [C° ,t] : {E , F) ^ {C°\E , F) ,t' {E , F)) where further C°\E,F) is a 
(small) family t^^E 3 U i-^ {E , F)^U , the last one being a set of functions 
U ^ VgF which are continuous t^^E — > t^.^F, and where t^{E,F) is a topology 
for the set (v^E) x (v^F) . We reformulate these postulates in the next 

4 Definitions. By a topologized K - module we mean any structured K - module E 
such that [vgE ,T^^E) is a topological space. If K is a division ring, or a field, we 
speak of topologized vector spaces. Let now K be a commutative ring with unity 1 , 
and let O be a class of topologized K- modules with K — (K ,Tjf^) G O. Letting 
F^^ = { / : / a function and / C {vsE) x {v,F) } , we consider a class Cq having 
as its members some maps / = {E,FJ) e C^ xU where / £ F/-^. We require 
each / G Cq to be continuous with open domain, which is expressed shortly by the 
inclusion r^^ / "V^cr^j / C rcr^j / . Letting 

Co-P,od = {(^^,^,G) -.E^Fe dom^Co and Cq- prod„^, (i; , F, G) } , 
where Cq- prod„„i (i? , F, G) denotes the condition that 

a,, G - (a,, F) x (a,, F) and (G, F , pr^ | r;,G) , (G, F, pr^ | i;,G) £ Co 
andV/,g,//; {H , E , f) , (H , F , g) e ^ (H ,G,[ f , g]) e C,, , 
we now say that Cq is a productive class on O over iff in addition to the above 
assumptions, we also have O^^' C dom (Cq - P^^^) . A productive class Cq on O over 
K we say to be a BGN - c/ass iff with the inversion i = { (s , t) : {s ,t,\) e t^^ K } , 
for all F , F, G G O and for all f , g ,y , P,U , we also have the following 

(1) P — {E ,F) and / is a function and 

[y Z ;3h; Z e f ^ Z e he f and {P,h) eCo]^ (P J) £ Co, 

(2) (F,F,/),(F,G,.9) gCo^(F,G,5o/) eCo, 

(3) U e T,,F and y e v,F ^ {E , E ,id,E) , {E , F ,U x {y}) G Co , 

(4) {K,K,i)eCo, 

(5) f,g& {{K , F)} and dom / = dom g and foLoL'Zg^f = g^ 

(6) (Co - P„; (F , F) , F , F ) , (Co - P,„; (K , F) , F , ra,, F ) G Cq . 

5 Lemma. // Co is a productive class on O over K , it then holds that dom Cq C 
dom(Co-P„d) = C*""^-, that Co-P„<i is a function O^^. ^ 

Proof. Let Cq be a productive class on O over To see that Co-P^od is a 
function, letting {E , F ,G) , {E , F , H) G Cq- P^^ , then a^^ G = (cr^^ ) <<s (c^rd ^ ) = 
CTjd iJ. If we take / = pr^ | VgG and g — prj | v^G, then id.j,G = [/,<?] = idy-ff with 
(G,iJ,id^G), (F^,G,id^G) G Cq , whence by the assumption that every / G Cq is 
continuous we get t^^H C r^^G C t^^H, hence G = H. To get dom(Co-P„d) = 
0^2.^ note that O"^^. c dom(Co-P,oJ Q (dom^Co)""^' C We trivially have 

rng(Co-P„J ^ dom^Co C O and dom Co C □ 

6 Proposition. Let Cq he a BGN -cZass on O over K . Then dom Co = 0^^\ 
and for all E , F,G E O and for all /, g with 7T — Cq- P„d (F, G) it holds that 
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(a) {n,F,pT,\v,n),{n,G,w2\vsn)eCo, 

(b) iE,F,f),iE,G,g)eC,^{E,n,[f,g])eCo. 

Proof. Lemma [5] gives dom C,, C O^'^- , and O^^- C dom Cq follows from ([3]) of 
DefinitionsHabove. If F, G £ O and 77 = Co - {F,G) , since by Definitions H we 
have {F, G) G O^^' C dom (Co-P„d) , and since by Lemma[5]we know that Co-Pjod 
is a function O^^' O, it follows that {F, G, U) G Cq - P„d : a-nd consequently that 
Cq- prod„^^, {F, G, U) holds. This directly gives the asserted (a) and (b) above. □ 

Note that for the validity of (a) and (b) in Proposition [6] above it in fact suffices 
that Cq only is a productive class on O over K . However, without the other BGN 
postulates, especially ([2]) of Definitions |4] above, these are of little use. For this 
reason, we gave preference to the preceding formulation. 

Note also that by i o i C id we could have given (O of Definitions 2] the following 
longer equivalent formulation: we have f = g whenever {(K,F)} x {/,g} C Cq 
and dom / = dom g and f^t — gH for all ra^^ Jf-invertible t. This corresponds 
to the determination axiom [2,; III, p. 220] . Our ^ corresponds to [T\ I A, p. 220] , 
and H]) to [2; 1.5, p. 220] . For a further comparison, see also Remark [TT] below. 

7 Definitions. For any classes Cq , K , f generally letting 

(1) CQ-mq'K^Co'<^ n{{f,h):VE,FJ;3E,,G,Ii;'^h»- f = 

{E,FJ)^h={G,F,h) and {E , E , E,) , {E, , K ,G) G Cq-P,^, 
and [ h'' = {ix,u,t,y) : f ' {{x + tu)^,^E) = if^x + ty),^^F ^ U} 

dom ft," C dom h and h C h° ]} , 

(2) Cq-AkJ =r[{h:yK -/h^h,^ (/,ftO eC„-Difqi^}, 

(3) P4,(Co,X) = {/:A;eoo+ and 3/; (0 , /) e / e Co'^ + i- and 

Vzefc; + ) eCo-Difqi^}, 

we then say that / is /c order Cq - differentiable over K if and only if we have 
/ e 'D^^^{Cq,K) . We may say first instead of 1.*'' , and second instead of 2."' , 
etc. For / € U , we may call any / ^ G Cq - Difq^" { / } a first order BGN - difference 
quotient map for / in Cq over K . In case Cq- Aj^/ 7^ U , we may call Cq-Aj^;/ 
the first order BGN - difference quotient map for / in Cq over K . 

8 Lemma. For any Cq,K , f eitfier Cq- A f G Cq or Cq- A f = U . Further- 
more Cq- Ajf / G Co holds iff a unique f^ exists with {f , f^) G Co-Difq^ . 

Proof. Letting 7i = { ft : V/ii ; /i = /ii <^ (/, ft-i) G Cg-Difq^ } , one quickly 
verifies that either there is a set ft with 7i=|ft}or7Y = 0. In the former case 
we have Co- Ajc / = f] W = ft G rng (Co-Difq'^) C rng(Co''^) C Co , and in the 
latter Co-Aj^/ = P|0 = U. The assertions now easily follow. □ 

If / is first order Co - bgn differentiable over K , then / has at least one first order 
BGN - difference quotient map in Cq over K . In the case where Co is a BGN - class 
over K , there is only one such, namely Co- Ajs^/, as follows from the next 

9 Proposition. // Cq is a BGN - class over K and f is first order Cq - bgn differ- 
entiable over K , then CQ-A^f is the unique first order BGN - difference quotient 
map for f in Cq over K . 

Proof. Indeed, supposing that /' for ' = i'2 are first order difference quotient 
maps for / in Co over K , we first get a^^f^ — Crd/^ since Co-P„d is a function. 
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Putting /i^ =T^df\ from dom /i" C dom /i^ and C h", we obtain dom /i^ = 
doni = dom /ij , whence it suffices to prove that for any W = {x,u,t) G dom h° 
we have the equahty h-^W = h2W. Let / — r^^ f . 

To obtain h^W = h2W, putting 7 = ((x,m,s) : s S w^-K^ ) , we consider 7^ = 
h^o ^ . Then dom 7^ = dom 72 , and using item (b) of Proposition [6] and ([2]) and 
([3]) of Definitions |4] one deduces that we also have (i^,F,7j G Cq for ^ = 1 2 ■ For 
every s G dom 7, we have 7^' s ^ hl{x,u,s) , hence {x ,u,s,^ls) G ^ h" , and 
consequently f^x + su) = fx + s {'j^ s) , whence for invertible s we get 71 s = 

s {f ^ {x + s u) — f^x) = 72^5 • By ^ of Definitions [3] we get 7i = 72 , whence 
finally hiW = hj{'-f''t) — h-^oj''t — ^^t — ^2t — h2°J^t — h2{"f^t)~h2W. □ 

Our definition above of fc"^ order Cq-bgn differentiability over K precisely cap- 
tures the content of [2; Definitions 2.f , 4.1, Remark 4.3, pp. 222, 228] because of 
the recursion rule given by the following 

10 Proposition. Let Cq be a BGN - class over K . For all f ,k then 

f e T^LV- (Co ,K)^fe PioN (Co ,K) and Co-AkJ e P^n (Co ,K). 

Proof. Having the setting fixed, to simplify the notations, we agree to let Vf, = 
V^^, {C,,K) and A / = C,, - A ^ / and 

S(/,fc) = {/: (0,/) G/GCo'= + i-^and Vzefc; - A(/^*)}. 

Now letting / G Pfc + 1. , there is / G S (/, fc + 1 .) . With L = {i+ : i G k + I.) , 
then / I 2. G S(/, 1.) and /o i G S(A/,A:) , whence we get / G and A / G Pj. . 
Conversely, if / G Pi. and A / G Pfe , there are /q G S (/, 1 .) and G S ( A /, /c) . 
Then /o U (/i o i"' ) g S(/, /c + 1.) , whence we see that / G P^ + i. . □ 

Note that even if the productive class Cq over K is not a BGN -one, we still have 
a recursion that / G 'D^^J^-{CqtK) if and only if some first order BGN - difference 
quotient map for / in Cq over K satisfies G 'D^^^{Cq , K) , put concisely 
/ G PbU'- (Co , fsT) ^ / G U and Cq- Difq^^" {/} n V^^, (C,, , K) ^ . 

11 Remark. The transition from our reinterpretation of the BGN setting to the 
original one and vice versa is accomplished as follows. Given our Cq , upon putting 

T = (r,,(Co-P„;P) : P G domCo)„M and 
= ( ( Co"{P} n { / : dom/ = [/ } : C/ G ra,, P : P G dom Co)„„ , 
then is the family associating with each pair P = {E ,F) G O^^' = dom Cq the 
small family t^^E 3 U ^ C^^ P^U such that C^^^P^U is the set of functions which in 
P; Definition 1.1(b) , p. 219] is denoted by "C°(C/, F) " , where thus the dependence 
on E is suppressed. 

Likewise t maps the pair Q = (i?i,i?2) € dom Cq to the topology t^Q for the 
underlying set (us-E-i) x (^5^2) of the algebraic product module {a^^ E-^) x (cr^^ E2) 
which in P; Definition 1.1(c), p. 219] is denoted by "r(Pi x Ss)"- 

Conversely, given only the BGN -family C°, we get 

Co = {(P,/) : 3c; (P,c) G C^ and / G c^(dom/) ^ U }. 
Hence r is not needed to get Cq , only its existence is needed to get the properties 
of Co-P„d ■ Note further that our O = the in [H; Definition 1.1(a) , p. 219] . 

The difference quotient map Cq-KkJ for f = {E , F , f ) with dom / = J7 in 
the case where we have that Co - A / 7^ U is the one determined by the mapping 
data /'" : "[/ X P X K" D [/'^' -> P in P; Definition 2.1, p. 222] associated with 
the mapping data f : E D U ^ F corresponding to the map /. 
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B. Compactly generated topologies, vector and function spaces 

Here we develop those properties of compactly generated real vector spaces which 
are needed in proving that Seip's higher order differentiability concepts can be 
obtained as a particular case of the general construction given above. 

The most important particular result obtained of which we shall need to make 
explicit use several times in the sequel is Proposition [5T] below giving a certain 
exponential law property of the space C^^{E ^ F) of continuous linear maps E F 
topologized by the k- extension of the compact open topology. 

First, to make matters precise, we begin by introducing the following 

12 Definitions. Balancing between [ [T3l : p. 146] and the conventional [|4]; Definition 
6.1, p. 237] , we here agree on saying that a topology T is locally compact iff for all 
X , V with X €V & T there are K,U such that x eU eT and U C K <ZV and K 
is T-compact in the "non-Bourbakian" sense [ [T51 . p. 135]. 

Our Kelleyfication of a topology T is 
k^,,T ={U : [/ C y r and Vif ; 3y ; 

K is T-compact and U f] K D K} . 

Our definition of the k- extension k^^T of T is obtained from the preceding by 
putting there " iiT is T ~ closed compact " in place of " iiT is T ~ compact " . 

A topology T, and the topological space (IJ T, T) we say to be almost com- 
pactly generated iff also T = k^^^T holds, and we say compactly generated iff also 
T is Hausdorff with T = k^^^T. We let T :^ W = k^^^{T >^ U) , and also put k„ = 
{ (X, r ; X, k^,,T) : X = X and T is a topology } . 

Observe that according to the preceding definitions every locally compact topology 
is almost compactly generated, and every Hausdorff locally compact topology is 
compactly generated. In view of ['13'; Theorem 5.17, p. 146] , every compact topology 
which is also Hausdorff or regular is locally compact. 

Since U € T whenever T is a first countable topology and U is sequentially T- 
open, it follows, cf. [13 ; Theorem 7.13, p. 231], that first countable topologies are 
almost compactly generated and metrizable topologies are compactly generated. 

Note the following slight difference between our definitions above and [[13]; pp. 
230-231] . A topological space (fi , T) is a k- space in the sense of [ [T51 ] iff we have 
T = k^^T, and this implies that T is almost compactly generated since we gener- 
ally have k^j^T C k^^T, equality here holding if also T is Hausdorff. 

13 Example. We assume that [0 , 1 ] C C JR , and we put A = il \ ] , 1 [ and 
={\JA:ACB} where we have 

B = {]s,t[ -.0 < s <t < 1}U {]s,l[U {t} : < s <1 and t e A} . 
Then T is a first countable locally compact topology for which is neither Haus- 
dorff nor regular. Hence T is almost compactly generated, but if the set A is 
infinite, then (fJ ,T) is not a k-space. Indeed, then k^^T ^ k^^T holds since we 
have {t} e k^^T \ k^i^T for every t G A, noting that for every T- closed compact 
set K there is s with < s < 1 and ] s , 1 [ n if = . 

14 Definitions. The class cgVS(il) of real compactly generated vector spaces we 
let have as its members exactly the real topologized vector spaces E— {X,T) 
such that T is compactly generated and a^^ X is continuous T T ^ T and t^^ X 
is continuous r^/y^T ^ T. The class scgVS(il) of Seip - convenient spaces has 
as its members exactly the E g cgVS(il) such that U exists with {a^^E,U) a 
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sequentially complete HausdorfF locally convex space and t^^E = k^^^U . We let 
EfS\F={{a,,E) X (a,, F)) , (r,, E) >^{t,,F)). With every E e cgVS (R) ' and 
any set / we associate the compactly generated product vector space 

ric.vs^ E = (nvs«. (pri ° ) , Ku n« ip^2 oe)). 

We also let r^, = ( <Lcg (H) - sup (k„ '"{F} n LCS (fi)) : F G cgVS (i?) ) . 

Note that for F G scgVS(JR) the class n LCS(i2) need not be a sin- 

gleton. E.g., if with E — Ulcsk. X {-R}) we let i?i = {a^^E ,T^^^^) where T^^^ is 
the "box topology" having { VsE n Oc'^ : ^ ^ { ]-n"\n"i [ : n e ^+ }^ } as a 
filter basis for E^ = U^^{M x {0} ,T^,^J , then E ^ E^ with BsE=BsE^ 
whence compactness is the same for Tj.^E and t^^E-^, and so k^^ E = k^^ E-^. 

When F e scgVS(i2) , the space t^^ F is the strictest locally convex space looser 
than F. Put otherwise, the topology t^^ {t^^ F) is the finest locally convex topology 
on the vector space a^^F which is coarser than t^^F. In [ [TBI : p. 38ff. ], the space 
Ty^^F is denoted by "LK(F)", and it is sequentially complete, noting that if 
E ,Ei e K„ '"{F} n LCS (i?) with E sequentially complete and E < E^, then also 
i?i is sequentially complete. 

15 Lemma. // {T ,U , f) is a global topological map, so is [k^^^T , k^^^U , /) . 

Proof. Under the premise, if y G k^^U and K is T- compact, we have to prove 
that there is C/ G T with f-''^^Vr\K = Uf\K. For = f"K now is U- 
compact, whence there is Vj G Z// with Vi fl — V H . Putting U = V^i , 
we have C/ G T, and also f-''"'Vr\K = UnK holds. □ 

16 Lemma. // T and hi are any topologies, then T U — {k^^^^T) )^ (k^j^U) . 
For any small family T of topologies it holds that 

fcoit n., ^ - fceu { , k^,,T ) : (z , r ) G T } . 

Proof. Let T = Ti and = Tj be topologies, and put W = (fc„,tT) >^ {k^nU) 
andP = U>V. Since r^iY = fc,,(T^W) and W = fc,,,((fc,,,r ) ^ (fc,,,Z^)) , by 
Lemma [15] above we trivially have T ^ Z// C W . To get the converse, it suffices 
that idP is continuous T >^U ^ W . This in turn follows if for arbitrarily given 
T ^ Z^- compact K and P E K, we have that idK is continuous T ><; W — > W at 
the point P . That is, given P G G W, there should (x) exist some U E T ^ U 
such that PeU and UnK CW hold. 

To obtain (x) above, letting = dom K and i?2 = mg iiT and C — x B2 , 
for t = i_2 then is T^-compact, hence fc^^T^- compact, and consequently C is 
fc^itT ^ fc^itZ^- compact. Hence, there is Wi G fc^itT ^ fc„itZ^ with p g fl C = 
W^i n C, whence further there are G fc^nT, with P G x ^ W^i • Then there 
are U, G T, with V,nB, ^U,n B, . Putting U ^ x U2 , we have U eT^U 

with pev^xV2r\C:^UixU2nccuandur\K^unCnKcVjxV2nc 

CWiCiC^WnCCW, hence (x) as we wished. 

We leave it as an exercise to the reader to naturally generalize the preceding 
idea in order to establish the latter assertion. As a hint we only mention that 
with the family K — {{i , S) : tl> S = {£, : 3x ; {i £ x G K }} one now consid- 
ers C = Jl^if , and one finally obtains U ^Yia^ for some L'' G with the 
property that {i : U ^i ^ U(^~*)} 9- finite set. □ 

17 Lemma. Let T be a compactly generated topology, and let A C Q — [J T . If in 
addition A £ T or n\AGT, then T f] A is a compactly generated topology. 
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Proof. First letting ^l\A qT, arbitrarily given B C A such that for every 
T n A-compact there is U e T with UnKi = BnKj^, as for V = n\ALI B 
we have V Ci A — B , it sufhees that V & T. As T is compactly generated, for this 
it suffices that for each given T~ compact K there is C/ G T with U D K ~ V Ci K . 
Putting = KnA, now is Tfl^^ compact, whence there is Ui E T with 
J7i n A'l = B n i^i , hence U^DKOA^ BCiK. For J7 = f7 \ A U C/i then U eT 

und unK = n\AuU:^nK ^n\AuBnK ^vr\K. 

Next assuming that A G T, arbitrarily given B C A such that for every T H A- 
compact there is C/ G T with U fl A' j = S fl ATj , for arbitrarily fixed T- com- 
pact K we must prove (k) that there is [/ G T with U D K = B n K . For this consi- 
dering U = T f] {U -.^x ; X eU K (- B r\ K} ,\iiov arbitrarily fixed x € Bn K 
we prove (x) that there is J7 G T with x £ U D K C B Ci K , we are done since to 
get (k) we may take U ~[JU . 

To establish (x) , putting K2 — K\A, then K2 is T- compact whence not- 
ing that T is Hausdorff, there are disjoint Ui , U2 £ T with x G Ui and K2 C U2 ■ 
Putting ^ K \ U2, now is T H A- compact whence there is Uq £ T with 
[/q n ATi = i? n ATi . Taking U ^ UonU-^, we have obtained (x) since by C/j n U2 
= we have x e B n K nU^ = B n K nU^\U2 = B n K^nU^ = UqC] K^DU^ 

= t/ n (a: \ c/2) c ;/ n a: c c/q n c/i n a: = [/„ n c/i n a: \ c/2 
= c/o n c/iH ATi = ATiH f7i c ATi c Bnfs:. □ 

18 Corollary. Let A= {X,T) GcgVS(ii) anrf F^E/g where S is a vector 
subspace in X wtiich is T - closed. Then F G cgVS(i?) . If in addition E is Seip- 
convenient, so is F too. 

Proof. To get F G cgVS(fi) , noting that by Lemma [T71 we have t^^F fl 
compactly generated, it suffices (a) that a^^ F is continuous r^^ A >^ t^^F ^ T, 
and (b) that ra^^ F = t^^X \ {M x S) is continuous Tj^ >f r^^ A — > T. We imme- 
diately get (b) from continuity oi t^^ X : Tj^^ T ^ T, and we deduce (a) as fol- 
lows. Letting i = id(S'^^), since al^^F — a^^X o l , it suffices that L is con- 
tinuous A >^ T^^ F ^ T >^ T, and by Lemma [15] this follows if L is continuous 
T->^Tn (5^2.) =r^^F y<. T^^F ><.T. This is trivial. 

Assuming that E is Seip- convenient, there is U such that {X,U) G LCS(il) is 
sequentially complete with T = k^i^U . Then also [a^^F ,U JH 5) G LCS(i?) , and 
is sequentially complete. To prove that T O S = k^^^{U JH S) , noting that we have 
^eit(^ n S*) C Tn S" by Lemma [T51 since Tfl S" is compactly generated, it suffices 
that ids' is continuous fc^jj(Z//,n S) — > T, but this is immediate by Lemma [T51 from 
continuity oi idS -.U r\ S . □ 

For sets of functions wc obtain topologies, and topologized linear structures with 
the aid of the following basic 

19 Constructions. 

(1) bT.pfi = { U ^ : ^ ^ { n Si : Si C S and Si is finite }} , 

(2) tF,, SgT = bT„p { S" n { a; : x-B C F } : B G e and F G r } , 

(3) tC,„(r,^/) = {C/:VC,/C; C = (U ^ ) ^ ^ n { x : x"'"^ W C T } 

and /C = { a: : a: is T-compact } ^ L/ G tF,„ CjcU], 

(4) vF,,ScjA- ((a,,A)do-US]..|^^tF,^^^^^^^)^ 



Skip's differentiability as BGN 



13 



(5) yF^^SgF^r\{ii^r.F)''^^^\s,'r):F,S:n = doin[jS&nd 

T = {U : U C S and V X e U ; 3 B e g ,V e Mo F ; 

yueS; U--B CV ^a,lFo[x,u]eU}}. 

One immediately observes that bT^p S is a topology for IJ B whenever B G U . 
Consequently tF^^ Sg T is a topology whenever 5 is a set. However, it may be 
quite pathological or uninteresting, unless T is a topology and IJ ^ C f2 and S C 
( U T ) ^ for some il , and possibly some further conditions hold. 

In particular, if T and U are topologies, then tC^^{T,U) is the compact open 
topology for the set IJ tC^^ {T,U) oi functions x with {T , U , x) a global topological 
map. Informally vF^.^ Sg F may be called the set S of functions into F turned into 
the space with topology that of the uniform convergence on the members of Q . 

20 Proposition. Let F e LCS (R) and n = \J g e U and X = (cr^^F) "lv= . Let 
S be a vector suhspace in X such that { x"" B : x d S and B d g } C Bg F , and such 
that for any A,B eg there is C e g with AUB CC. Let E ^ vF,^ SgF. Then 
E G LCS (ii) with (J^^E — X\g . If V is any filter basis for MoF, then the class 
{Sn{x: CV} : B eg and V €V} is a filter basts for No E . 

Proof. See [12; Proposition 2.10.1, pp. 43-44]. □ 

Adapting the proof of [|T3]; Theorem 7.11, p. 230] , we obtain 

21 Proposition. Let F £ LCS(i2) , and let {n,T) be any topological space with 
K. = {K : K is T- compact } . Also let T — tC(,o(T, Tj.^F) , and let S be a vector 
subspace in {a^^F)^^^" withSC[jT. Then t^^vF^^SiqF = T H S . 

Proof. Let U = r,^ vF,, S^F and 7^2 = IC x t^^F. Also putting N(x;K,V)^ 
{a^^F o[x ,u] : u e S and u" iiT C 1/ } , then by Proposition [20] above, for x G S* 
the class {N {x]K ,V) : K e IC and V e AfoF} is a filter basis for Af,,h{x ,li ) . 

To prove that U C pi S , arbitrarily given x eU GU , there are some K G JC 
and V G AfoF with N{x;K,V) C U, and we should establish (x) existence of 
a finite V QVi such that for N = S H {y: ^ P e P ; y" a,^ P C t^^P } we have 
X e N C N{x]K,V). Let i= {T,t^^F,x). 

To get (x) , we first take a r,^ F- closed Vj e A/'o F with Vi-V^-V-^CV, and 
put W — {(C;0 : C^C G ^i}- ^ow x^' K is F - compact by continuity of x 
and T - compactness of K , whence there is a finite A K with x^^ K C W o x''^A . 
Taking V = {{K r\{x-'- oW o x'' {q}) ,ln^r^^p{W oW o x'' {q})) : Q e A} , we 
have V finite with P Q'P2 since by continuity of 5; and r^^ F - closedness of Vi 
the set x'"- oM^oa;"{p} is T- closed for every P Q A . To see that x G N, just 
note that if P e X n (x"' oW o x'^^{q}) with Q e yl , we then have 

x^P e x[x''' oW o x'"'{q}] CW ox"{q} C Int^-^^ji;^ {W oW ox"{q}) . 

To prove that N C N (x iKjV) , arbitrarily fixing y ^ N and P ^ K, it suffices 
to show that {y - x)''P eV. Now, by P e K C x'"^ o W o x'^'^A , there is Q e A 
with P e x^'' o T4^ o a;"{Q} , consequently P ^ K Ci [x^^ oW o x^' {q}) . Letting 

P ^ {K r\ {x-' oW o x'^ {q}) ,lnt r,^F {W oW o x'' {q})) , 
then P eV holds, and since by y & N we have y^a^^P C t^^P, we get y^P & 
Intr„jF (W^ ° W ox"{q}) CW oW ox"{q} . We also have x~P eW o x"{q}, 
and hence x'Q G W^^ ox"{p} . Consequently, we get {x^P,y^P) eWoWo W^'- , 
that is (y - x) ~P = y~P - x'P e V^i - T^i - C y. 

Conversely, to prove that J- n S , arbitrarily given a nonempty K £ JC and 
Uer^^F and xeS with C = x"K<ZU, it suffices to ffiid V^MoF with 
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N{x;K,V) C S n {y : y^^ K C U } . Noting that this immediately foUows if we 
have C + V C U , it suffices to estabhsh the latter. For this, we consider = 
C xAfoF r\{{^,V) : ^ + V + VCU}. Since {a,l F, t^^F) is a topological group, 
we have C C dom A/*!, and since C is r^jF- compact, a finite A/" C TVi exists with 
C C + C : 3V ; ,V) € J\f and C e V } . Taking now y = f] rng J\f, we have 
V e A/;F with C + y C {e + C + Ci : 3y ; e A/'and CCi e y } C [/. □ 

Observe above that when establishing the inclusions in both directions between 
U and T n S , we needed to know that {a^^F ,t^^F) is a topological group. The 
preceding proof hence does not give a corresponding result if we assume F to 
be a compactly generated vector space instead of a topological one. In fact, if 
the topologized linear structure of G cgVS(i2) determines a uniformity in the 
natural manner, then F necessarily is a topological vector space. 

22 Proposition. Let T and lA he any topologies such that (a) or (b) below holds. 
Then ev | IJ W is continuous W — > Z// . 

(a) T is locally compact and W = T ^ tC^^{T, hi) , 

(b) T IS Hausdorff and W = T y^tC,,{T,l() . 

Proof. We give the deduction assuming (b) leaving it as an exercise to the reader 
to extract therefrom the almost trivial case when (a) is assumed instead. Put- 
ting T — tC^^{T, U) , arbitrarily given a T ><; -compact K2 and V €U , there 
should be some W >^ T with by^^"" V f^ K2 = W Ci Supposing we have (x) 
that for any Z e ev"'" V n K2 there are TV G T and U e T with Z € N xU and 
ev[N xU D K2 ] '^V, we are done since Vt^ — IJ ^ will do for 

^ = { iV X [/ : (iV, L/) e r X jc- and ev [iV X C/ n ifa ] C y } . 

To get (x) we arbitrarily fix Z = (P, x) £ ev"*^" V D K2 , and first note that by 
continuity of a; : T there is Nq with P e e T and x^N^, CV. For K^, = 
dom A'2 and ~ Kq\Nq , then Kq and are T- compact. Now consider- 
ing 7Vi = r^2. r\{{Ni,N2) : 3Q ; (p,Q) e N, x N2 and n N2 = 9} , since T is 
Hausdorff and P ^ , we have C [J rng Afi , whence by compactness there is a 
finite TV C A/l with K^C\J rng TV. Taking TV = f] dom TV and K = Ko\[j rng TV 
and U = [j n {u : K C F } , then P € N eT and is T -compact with 
TV n i^o C if C TVq , and consequently [/ e with Z £ N x U. In addition, we 
also have ev [N x U Ci K2] V since if Z = (q , u) e TV x [/ n A'2 , then we get 
Q e TV n dom K2 ^ N n Ko ^ K and u" K C whence ev" Z ^ u^Q eV. □ 

The preceding might be compared to one half of [ ITBl : Lemma 1.13, p. 13] . 

23 Proposition. Let (fJ , Z-/ ) , (T, T ) , (T^ , T^) &e any topological spaces such that 
(a) or (b) below holds , anrf let f ^ T^^^"^ . Then f is continuous W ^ if and 
only ij is continuous U tC^^{T ,Ti) . 

(a) T is locally compact and W — U ^ T , 

(b) T is Hausdorff and /c^u U = U and W = IA T . 

Proof. Again leaving to the reader the simpler case where (a) holds, under 
the assumption (b) putting J- = iC^^{T ,T^) , we first assume that / is continuous 
W ^ Tj , and proceed to prove that / ^ is continuous U ^ T as follows. Ar- 
bitrarily given a W- compact AT, it suffices that f'^\K is continuous U r\ K ^ T . 
For this, arbitrarily fixing P G K, and a T- compact B and V € such that 
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f[{p}xB]CV,it suffices to find N e Af,^{P,U H K) with f[NxB]CV. To 
establisli tliis, we consider 

TVi ^{{N,U) : 3x; iV £ XJP, -ftT) and 

UeMihix,TnB) and f[NxU]CV}. 

Letting K2 = K x B , as K2 is U >f T- compact, by continuity of / : W , 
we obtain continuity of / | i^Tj : (W ^ T) n i^Tj . Using this, we see that 

B C[J rng A/*! , whence by compactness of B there is a finite TV C A/*! with B C 
U rng A/". Taking N = f] domM, we have N e AfthiP, CiK) , and one quickly 
checks that also f [N x B] CV holds. 

Conversely, next assuming that / ^ is continuous U we get continuity 

of / : yy — > Ti as follows. Putting L ^ {{P,x;x ,P) : P e and x e T } and e = 



ev I (T X U JT) , we have f ^ e o [idT x f^) o i with continuous maps 

i ■.U>fT -^T >fU, hence W = U T ^ T >^U, and 

(idT X / : T T, hence T >^ and 

e : T ^ ^ Tj by Proposition [221 above. The assertion follows. □ 

24 Corollary. Let {U, ,U) , (T, T ) , (T^ , T^) 6e any topological spaces such that lA 
is almost compactly generated and T is locally compact, and let / G T^^^^^ and 



V = {14 >f T, Ti) . If (V , f I (K X U)) is a topological map for all U - compact K , 
then also {V,f) is a topological map. 

Proof. Assuming the premise and putting J- = tC^^{T,Ti), by Proposition 
[231(a) it suffices that {U,J-,f'^) is a topological map, which in turn follows if 
{U n K,!F, \ K) is a such for all W-compact K . Again by Proposition [231(a) it 
suffices that {f''\K)'' = f\ {Kxyi)is continuous {U r\ K) ^ T ^ , but this is 
immediate from the premise. □ 

25 Corollary. // T and U are any topologies of which one is compactly genera- 
ted and the other is locally compact, then T >^ U = T >^ U holds. 

Proof. Letting P = \J T x[J U and — {{x ,y; y , x) : {x ,y) & P } , we have 
{T )^ 14 ,U >f T , Lq) a. homeomorphism, hence also {T >^ lA ,U ig) by Lemma 
[T5l above. Consequently, if we prove the assertion for U compactly generated and 
T locally compact, it also holds with the roles reversed. Now, letting the roles 
be as suggested, it suffices that idP is continuous T >f 14 ^ T >^ 14 , equivalently 
that to ' is continuous 14 >f T ^ T >^ 14 , and for this by CoroUarv [24l it suffices 
that for every 14 - compact K wc have L \ {K x U ) continuous U T ^ T >^ 14 , 
equivalently id (IJ T x K) continuous T >f (U H K) —yT>^l4. For this, since by 
[ [T3[ : Theorem 5.17, p. 146] the topology U H K is locally compact in the sense of 
our Definitions [T2l above, further by Corollary [24l it suffices that for every T~com- 
pact B we have id (B x AT) continuous T ^ U ^ T \ U , but this is trivial. □ 

Our Corollary [^H above may be compared to the slightly weaker result in [[H; 
Theorem 4.4, p. 263] with less formal and six lines longer presentation of proof 
where both topologies are required to be Hausdorff. 

26 Proposition. It holds that Kj^^LCS(i?) C cgVS(i?) . For every sequentially 
complete E G LCS(i?) it holds that k^^E G scgVS(il) . 

Proof. Arbitrarily given E — {a,c,T) E LCS(Jf2) , for 14 = fc^j^T we have to 
prove that a is continuous 14 14 ^ 14 and c is continuous r^,^ ^ 14 ^ 14 . Using 
Lemmas [TSl and \W\ and Corollary [251 above, one easily deduces these. □ 
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In particular, from the preceding proposition we see that the Seip convenient 
spaces are exactly the k^^E for some sequentially complete real Hausdorff locally 
convex space E . Again using Lemma [16] and noting that t^^^ and ><; t^^^ are 
compactly generated, and that sequential completeness is preserved when taking 
products of small families of locally convex spaces, we get the following 

27 Corollary. Let O = scgVS (i?) . Then ReO, and for any E,E,F,I the 
implications E,FeO^EaFeOandEeO^^ IlogvsK. E € O hold. 

We shall need the spaces of continuous linear maps given in the following 

28 Constructions. 

(1) C{E,F) = {£:i linear a,^E cr.^F and £-'''W,^F Ct.^E}, 

(2) C,,{E,F) ^ n{^F,oC{E , F)g F : E : g = {K : K is r,, £; ~ compact }} , 

(3) C,iE,F) = n{yKuCiE,F)gF ■.E:g = {K:K is r,, - compact }} , 

(4) C,AE,F) ^n{^.:^KoCgF/s ■.F:C = {j tC,,{T,,E ,t,,F) and 

g = {K : K is T,^E~ compact} and S = £{E,F)} . 

29 Lemma. Let T — tC^a{T^^E ,t^^F) where i^ecgVS(i?) and E is any real 
topologized vector space. Then C{E,F) is k^^^T ~ closed. 

Proof. For Fixyt={{u''{x + y) — u'x — u^y,u''{tx)~t{u''x)):uCz[JT), 
we have C{E,F) ^f]{{Exyt)-'"{{0p,0p)} : x,y€ v,E andteM}. For fixed 
z & VgE , directly by definition, we see that ev^ | IJ T is continuous T — > Tj.^F. 
For X ,y G v^E and i G J? , letting / — { (u" (x + y) , u" x , u" y , u" (t x)) : u G IJ T) 
and U = T^^F y<. t^^F >(. t^^F ><; t^^F, it follows that / is continuous T U , and 
by Lemma [15] hence k^^^T — > k^^^U . Taking into account that F G cgVS(ii) , and 
using Lemma [161 one deduces that Exyt is continuous k^^^T — > t-^^F ^ t-^^F . The 
assertion of the lemma now follows. □ 

30 Proposition. Let E,F e cgVS(fi) and F^ G LCS(H) . Then 

(1) £,,(i?,F) = K,;£,„(i?,F) GcgVS(H), 

(2) C,{E,F,)^C^^{E,F,)eLGS{R), 

(3) £,,{E,k,:F,) = K,:£,{E,F,) G cgVS(fi) , 

(4) F e scgVS{R) ^ C{E , F) escgVS{R). 

Proof. For (1) letting L = C,^{E,F) and U = tC^^{T^^E ,t^^F) , by an ele- 
mentary set theoretic verification the proof of the asserted equality is reduced to 
getting k^i^U n v^L = k^-^^{U nVgL) . For k^i^{U H VsL) Q k^i^U CWgL , we note 
that trivially id^L is continuous /c^^ U CWgL ^ U H VgL . By Lemmas [51] and [TTl 
and 1151 it is also continuous k^^^U pi v^L ^ k^^^{U Cw^L) ^ whence the inclusion. 
For the converse using Lemma [15] note the continuity implications lA Cw^L , 
hence k^^^{U JH Ugi) k^^U , hence k^^^{U fl w^L) k^,^IJ H VgL . 

To get L G cgVS(i?) in (1), also let G = k^JvF.^ IJ tC,^{T^^E ,t^^F)^F where 
IC — {K:K is Tj,j i? - compact } . If GGcgVS(i2) holds, since L = G j ^^i^ , we 
immediately get L G cgVS(-R) by Lemma [^ and Corollary [TH] above. It hence 
suffices to establish G G cgVS(i?) which in turn follows if (T >^ T ,T ,a^^G) and 
(tj^ ^ T, T, rcTjj G) are topological maps when T ~ t^^G — k^^^U . 

To prove continuity of (7^^ G : T >^ T — > T, by Proposition [23l and Lemma [T5l it 
suffices that a^^G^ is continuous r^^ (G H G H ^ t^^F. For e = ev | (-E n G) 
and i2 — {{u ,v ,x ,{x ,u]x ,v)) : u ,v & VgG and X ^ VgE} , observing that we 
have CTjd G" = (Jjj F o (e x e) o , since e is continuous r^^ (F 13 G) — > r^^ F by 
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Proposition [^l above, it suffices to note that (G El G El i? , H G H (-E El G) , ij) 
and {F H F, F , a^^ F) are continuous linear maps. 

For continuity of rcr^j G : t^^ >^ T T , as above it suffices that tct^^ G'^ is con- 
tinuous {R Ikl G Ikl -E) T-^^F , now noting that T^^y^ T is compactly gener- 
ated by Corollary [25] above. Since by a twofold application of Lemma [15] with 

— {{t ,u ,x , {t ; X ,u)) : t £ IR and u E v^G and x VgE } we have continu- 
ous T,^ (iJHGraS) ^T,^ (Hra(£;EG)) with ra^^C = tct,^ F o (id J? x e)o i^, 
continuity of (tj^^ >^ T ,T ,Ta^^G) then follows. 

We get (2) by applying elementary set theoretic manipulations to Constructions 
[T9l and [28l above, and using Propositions [20l and [211 with i^j in place of F and also 
taking n^v.E and S = C(E,F^). 

For (3) letting = C^^i^E , k^^ F^) and Lq = C^a{E , F^) and i = k^^ Lq , and 
noting (2) we should have = L since we get the membership e cgVS {R) from 
(1) by Proposition 1261 above. Since by Lemma 1151 we have fg^o ^ ^s^ii we triv- 
ially get fJ-^^L = (Tjd = (Tjdii, and hence it remains to establish t-^^L-^ —t-^^L. 
To get the simpler r^jLCr^^Lj, we should have (u) that id^i is continuous 
T-rd -^T^^L. Now, for Tq = tG.^ Jr,^ E , r,^ F^) and = tG^„ (r,^ F , k^^^r^^ F-^) 
we trivially have id IJ continuous k^^^T[ —^ 7^ , and hence id^i continuous 
Tj.j fccit^i ri ^s-^ ~* J whence also r^^ -^i ~* ^) ri = r^^ Lq . By Lemma 
[15] the required (u) immediately follows. 

For Tj.^Lj C Tj.j L in (3) we show that id^L is continuous Tj.^L t^jLj . Having 
Tj.^Li — k^j^T^ n VgL and Tj.^L compactly generated (again by Lemma [TSl above) it 
suffices to establish continuity r^.^ L ^ T^. By Proposition [23](b) above, this fol- 
lows if we show that id^i'^ is continuous t^^{L ^ E) — > fccit'''rd -^i which in turn 
follows from continuity t^^{L \^ E) ^ t^^F-^ . Noting that id^L'^ is defined by 
{i ,x) ^ t" X , and putting P ~ Vg{E U L) and Q = i? x IJ 7^ and e = ev | Q , 
it suffices (e) that e | P is continuous r^^ (i? H L) ^ T-^d-P^i ■ Now, from Proposition 
[22](b) we know that e is continuous t^^E \ Tq ^ r^^ F^ , and hence that e | P is 
continuous t^^E >^ Tq H P ^ F-^ . Consequently (e) follows if id P is continuous 
T,.d {E a L) T^^ E ^ TgH P, following from continuity r^.^ {E a L) ^ t^.^ E ^ % , 
which indeed is the case by r^^ E {Tq HVgL) = t^^ E >^ (t^^ Lq) C 

Trd E >^ (fc,HT,d Lo) =T,^E^ (r,<j L) C t,^ {E a L) . 

For (4) assuming F e scgVS(i?) , a sequentially complete F^ e LCS(i?) exists 
with F = KtvFi whence by (3) we have C^g{E,F) = k^^C^{E,Fi) . By a suitable 
adaptation of the proof in [[13]; Theorem 7.12, p. 231] or [ il6i : Satz 1.43, p. 22], 
the locally convex space Cf,{E,F-^) is sequentially complete. Hence the assertion 
follows from Proposition [^S] above. □ 

31 Proposition. Let E ,F,G e cgVSiR) and U <^ t,^E and & {{v^GY'^)^ 
be such that f^x is linear i^.^F — > a-^^G for all x d U . Then f-^ is continuous 
T^^{E \k\ F) ^ Tj.j G if and only if fi is continuous r^^ E — * r^^ C^giF, G) . 

Proof. Let L = C,^{F,G) and T = tC,,{T^^F,T^^G) and W = UxVsF. By 
LemmafTTIthen t^^{E \ki F) nW and t^^E f) U are compactly generated. In view of 
Lemma [15] it follows that t^^{E a F) nW = t^^E D U ;g t^^E ■ Using also Propo- 
sition [23(b) in 4^ below, we get the equivalences 

f{" is continuous t^^{E B F) r^^ G 
<^ /i^ is continuous t^^{E fi^ F) nW ^ t^^G 
<^ /i" is continuous t^^E H U ^ t^^F ^ r^^ G 
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<^^^> fi is continuous t^^E nU ^ T 
<^4> fi is continuous t^^E piU ^ k^^^T 

<J4> /i is continuous t^^E — » fc^nTn v^L = t^^ L . □ 

32 Definition. The class of continuous bilinear maps of Seip - convenient spaces is 
"'C^^^^siR) ^{{E\^F,G,b): E ,F,G e scgVS{R) and 

b function {E FI F) v^G and b continuous r^^ {E \^ F) ^ r^^ G 
and \/ x,y ; [ x G VgE ^ b {x , ■) linear (7^^ F ^ ct^j G ] 

and [ y G VgF ^ b {■ ,y) linear a^^ E ^ a^^G ]} . 

33 Proposition. Let E,F e cgVS{R) and G = E a C^^{E ,F) and e = ev | u^G. 
Then e is continuous T-^^G — > T-^^F . If in addition E ,F £ scgVS(i?) , the mem- 
bership {G,F,e) G '"£^^j.vs '^^•so holds. 

Proof. Let L^C,,{E,F) and T = tG^Jr^^^;, r^^F) . By Proposition [22](b) 
we have ev | (ugi? x IJ T ) continuous Tj.^E T t^^F , and hence e continuous 
rj,j_E ;g Tn u^G ^ Trd-F- For the first assertion it hence suffices (c) that id^G 
is continuous t^^G ^ t^^E THv^G. Recalling Lemma [TCI and and using (1) 
of Proposition [301 we see that t^^G — k^i^{T^^E ><; k^,^T^^L) — k^,^{T^^E ><; t^^L) — 
k^itiT^^E )<: (Tn VgL)) , whence by Lemma [15] then (c) follows. For the latter as- 
sertion just note also (4) of Proposition [30l above. □ 

34 Lemma. Let F G cgVS(fi) and G G LCS(fi) . If £ ^ £ m top t,^C^{F,G), 
then also £ ^ i in top T^^C^giF , k^^ G) . (sequential convergences!) 

Proof. Let H = k.;G and L ^ C,,{F,H) and T ^ t,^C,,{F ,G) . By Propo- 
sition [2S] and (1) and (2) of Proposition [301 then T — t^^C^^{F ,G) and k^^L = 
Cci,{F , H) . Since the topologies t^^L and k^^T-^^L have the same compact sets, 
also the sequential convergence £ ^ i means the same in both topologies. Hence, 
assuming (c) that € — > £ in top T, it suffices to prove that £ £ in top t^^ L . 
For this, arbitrarily given a r^^F- compact K and V with £"" K <ZV £ t^^H , we 
should establish (e) existence oi N e IN^ such that for C Af = IJ (^ " {INa\N))'"' K 
we have Cn CV. To get this, putting B = rng £ U {£} and A^\J B"K, then 
B is T- compact. Considering e = ev | {K x IJ T) , like in Proposition [221(a) one 
verifies that e is continuous t^^F ^ T ^ t^^G. Also noting that A ^ t[K x B] , 
it follows that A is r,.jG~ compact. Consequently, there is [/ G t^^G such that 
U C^A = V C^A. As also ^ "if C ^ holds, we have £^'' K CV r\ A^U r\ AQU , 
and hence by (c) there is G with Gn CJJ. Also having Ca^ C A, we get 
Cn <ZU r\A = V r\A<ZV, as required in (e) above. □ 

C. Riemann integration of curves in topologized vector spaces 

In some proofs below, we shall need to integrate a (continuous) curve on the unit 
interval [0,1] taking values in a compactly generated or locally convex space. To 
be able to treat these in a unified manner accordant with our general approach in 
this paper, we here give a short account on this matter. 

35 Definition. Let / be a nontrivial real compact interval, i.e. for some a,b £ M 
with a < 6 , we have I = [a,b] = {t : a < t < b} . Let E = {X ,T) be a real topol- 
ogized vector space. We then say that 7 on / in F is Riemann integrable to x if 
and only if 7 is a function with / G dom 7 and rng 7 C F , and a; G F is such 
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that for every V G N'f,f^{x,T) there is S G with the property that for all k G IN 
and for aU t G j'^ + i- and s G l'^ satisfying 

I=[t'(!),Vk] and k C {i : Vi < i < V + ) a.nd V + ) - (n) < 6 } , 
we have '''rd^'- X]iefc(*~(*^) ~ ° ^ We also define 

E - 7 = P|{a;:Vz; x = z -i^ ^ on [a, 6] in_Bis Riemann integrable to z } , 

and E- J^^ ^ ds = E - {-S ■ s G [a,fo])oid whenever ^ is any term, and s is any 
variable. In a connection where "E" may be considered as being implicitly under- 
stood, we may drop "iJ-" from the notation. 

We do not formulate as an explicit proposition the obvious fact that if 7 on / 
in F is Riemann integrable to x and to y , then x = y in the case where r^^ is a 
Hausdorff topology. Even without any Hausdorff assumption, either we have that 
7 on [ a , 6 ] in is Riemann integrable to F - /^^ 7 , or else F- J^^ 7 = U . The latter 
in particular holds if 7 is integrable to no x or to several such. 

36 Lemma. Let (F^.F) G K„|LCS(i2). Then j on I in F is Riemann inte- 
grable to X if and only if the same holds in the space F-^ . 

Proof. By t^^^F-^ C t-^^F , integrability in F trivially implying that in F-^ , it suf- 
fices to show that a contradiction follows if 7 on / in F^ is Riemann integrable 
to X but not in F. Indeed, then there is V G Nf,h{x ^t^aF) such that for every 
i G IN^, considering S = {i' + 1)"^, there are t,s with the properties in Definition 
[35] such that for the Riemann sum x-^ — cr^^F- X]/efe(*'(^^) ~ (*'0) (7 ° •^'0 
have Xi ^ V. By the axiom of choice we obtain x G {vsFi\V)^° with x^i corre- 
sponding to the in the preceding for every i G IN^ . By integrability in F-^ , we 
have a; ^ X in top T\.d^i • Putting K = rng x U {x} , it holds that K is t^^F^- 
compact, hence also t^^F- compact. From t^^F H K = T^d-P'in K, it follows that 
for some G t^^ F^ we have xGVinKCVnK, and consequently for large i it 
holds that i G Vi O K C V H K C V in contradiction with x^i ^ V for alH . □ 

37 Proposition. Let F G LCS(i?) be sequentially complete. Let L be a notrivial 
real compact interval and let 7 G {v^F)^ be continuous t„ — > t^^F . Then there is 
X such that ^ on L in F is Riemann integrable to x . 

Proof. Letting / = [a,6] , and considering x G (u^F)^" defined by 

i^o,,F-Y.i<,A^'+l)-Kb^a){Y{a + l{i+l)-^{b^a))), 
using continuity of 7 and compactness of / and local convexity of F , one first verifies 
that a; is a Cauchy sequence in F, whence by the assumed sequential completeness 
there is x with a; — > a; in top t^^F. By the same token, one verifies that 7 inte- 
grates to X , the details again being left to the reader. □ 

38 Lemma. Let U be closed and convex in E with E G LCS (R) . If also 7 on 
[0 ,1] in E is Riemann integrable to y with rng "f G U , then y G U . 

Proof. Put / = [0,1], and first note the following. If Lp G ] , +00 [ ^ is inte- 
grable in the sense of Lebesgue, then Jjfd fi^^,^ > . Riemann integrability imply- 
ing that of Lebesgue, ii r G IR and x G ] r, +00 [ ^ is Riemann integrable, consid- 
ering LP = {x^t-r -.t G I) , we get R-J^x^ //X d^iLob = r + fjipd^^^^ > r. 
Now, under the premise of the lemma, if we have y ^ U, by Hahn-Banach, there 
are r G IR and t G C{E ,R) with £ " [/ C ] r , + cx) [ and £^y — r , and the prece- 
ding applied to x = ^ o 7 gives r = £^y = R- J^x>'>'7 ^ contradiction. □ 
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Note that the preceding Hahn-Banach argument of the proof fails if the con- 
vex set U is required to be neither closed nor open. Call a set C Qv^E count- 
ably convex iff for any x E and s G [0,1]^° and any x with ^ s = 1 and 
( (a;"Z) : i G ^Vq) ^ x in top Tj.^E we have x (z C . Does the conclu- 
sion in Lemma [38] remain valid if U is required to he merely countably convex ? 

For example, let ei = { (0 , -1) , (i , 1) } U ((IV\{i}) x {0}) for i e W, and put 
60 = { (0 , 1) } u (W X {0}) , and in the Frechet space E^{X,T)^ rIN^],^, 
sider the countably convex set 

= {{(0,2s^0-^ s)}U(s|IV) : s G [0,1]^° and < ^ s < 1} 
for which we have 0^ G CI7- U \ U. If 7 on [ , 1 ] in is Riemann (or even "sca- 
larwise" Lebesgue) integrable to x with rng 7 QU, is then x = 0^ impossible? 

Note that there does not exist £ ^ C{E,R) with £^^U 'Z since for every 
such i there is y E U^sm i^o x {R}) with ^ = (X)i6W ^ ^ iv'^) ■ ^ ^ ^sE) , 
and hence otherwise for a sufficiently large i G iV we would get 
O<^"e0 = y~0=-£"ei<O, a contradiction. 

39 Definitions. Let £^ = (X,T) be a real topologizcd vector space, and consider 
c : J ^ Vg X with t^ J C_ IR such that also is a r^^ - limit point of the set 
M n {t : tg -\- 1 € J } \ {0} . We then say that c is differentiable to x in E at tg 
if and only if also x E VgX and for every V G there is (5 G 5? ^ with 
the property that for alH G -ZR with tg + 1 E J and < \ t\ < S we have the mem- 
bership t'^{c'{to +t)- c^o) e V. We let 

c = {{t,x) :Vz; x — z <^ c is differentiable to z in £^ at t } , 
when E is as above and c E {vgE)'^°™'^ with dom c C _Z?? , otherwise putting 
c = U , and say that c is differentiable in E iff dom c C dom c 7^ U . 
Let I — [0,1] and Q = I^^- and U — Tj^ >f H Q ■ Any c G (v^E)^ we caU a 
standard differentiable curve in E in case also ] , 1 [ C dom c ^ U holds and 
c is continuous t^^^ r^^ E at the points and 1 . By a standard family of con- 
tinuously differentiable curves in E we mean any F G ((uji?)^)^ such that F is 
continuous t„ — *■ t^^E^^^' and such that for g ^ {D^ s)H : S = {s ,t) £ Q) we 
also have that g is continuous lA ^ t-^^E with Q C dom g . 

40 Proposition (mean value theorem). Let U be a closed and convex set in E 
with E G LCS(i2) . Let c be a standard differentiable curve in E with c"0 = 0^ 
G U and Dec"]0,1 [ C U. Then c"! G U holds. 

Proof. To proceed by reductio ad absurdum, let c~l ^ U. By Hahn-Banach, 
there is i G £{E ,R) with ^"J7 C ]-oo , 1 [ and € ' (c'l) = 1 . The classical mean 
value theorem when applied to the function £ o c gives some t with < t < 1 and 
1 ^ £-(0"!) = (^oc)'i ^ £'{DEc''t) ££""11 C ]-oo,l [ , a contradiction. □ 

41 Proposition. Let I — [0,1] , and let E G LCS(i?) be sequentially complete. 
Let T be a standard family of continuously differentiable curves in E , and let 
c = (E- J^r's'tds :t £ I) . Th en c is a standard differentiable curve in the 
space E with also c = (^E - (F"s)^tds:tG/). 

Proof. Let U,g be as in Definitions [551 above, and arbitrarily fix tg G /, and 
put x — E- (F"s)"tQds. Then it suffices to show that c is differentiable to 

X in E at to- Writing F s s^t = t-'^{T's'{to + s^t) - F\s~to) - Si (F's)'io , 
and arbitrarily fixing a closed convex U G Mo E , using Proposition 1371 and Lemma 
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[35]above, one quickly checks that it further sufRces to show (e) existence of (5 G -K^ 
such that for all t e M with t^ + t £ I and < 1 1 1 < 5 we have F sit eU. 

To get (e) above, we first note that using r^^ - compactness of / and continuity 
U ^ T^^E of g , one deduces existence of some S G such that for aU t G K 
with to +t G I and \ t\ < S we have 

(x) DE{T'sy{to + t)-DE{T'syto=g'is,to + t)-g'{s,t,) e U. 
Now arbitrarily fixing t as required in (e) we get F sit € U hy Proposition 1401 and 
(x) when considering the curve (F s s-^t : s-^^ € I ) . □ 



D. Seip's higher order differentiability classes 

In a rather non-uniform manner, Seip scattered his definitions of his first, higher, 
and infinite order continuous differentiabilities in [ 1161 : pp. 60, 75, 85] . In Definitions 
|42] below, we give our own reformulation of these by constructing the differentiabi- 
lity classes I'scip for fc e oo+ at a (multiple) stroke. In Theorem [55l these turn out 
to exactly capture Seip's concepts. Theorem [5^ shows that these are obtained as 
particular cases of the general BGN - construction. 

42 Definitions. For all classes / , k first generally letting 

(1) 5,j'=n{iEaE,F,g):3f;f={E,FJ)e scgVS x^- x U 

and / S F^^ and dom f £ t^^E and g — { {x , u , y) : x (Iz dom / and 
u € VsE and y G v^F and G Nf,h{y -.t^aF) ; 3(5 G R"" \ \/t 

Q<\t\<5^t-^{f'{x + tu)~ f'x)CzV}}, 

(2) / = n{ (n..vs« (^^ x {i?}) , F, g):k:k& IN, and 

E,F e scgVS(H) and 3/, / ; / G F/^ and / = {E,FJ) and 
(0,/o ((x) : X = x)-^),(fc,.g) G / G U'^ + i- and Vi G fc; 
f't+ ^{i{x)^u^{u),y):yfi;h^{ix\y') : i{x')'u,y') G f'l} 

^ {x,u,y) G T^^5^^{E,F,}i)}} , 

(3) Cs„o = {(i?,^^,/) and r,, F C r,, S } | scgVS , 

any / with dom r^^ / x u^cr^j / C dom r^^ (5so / 7^ U we say to be directionally Seip 
differentiable. Any / with /, / G Cs,o and_dom r.^ / x ■y^cr.^d / Q dom t.^ 5s, / 
we say to be Seip differentiable . We say that / is order k simply Seip - differenti- 
able if and only if we have fc G oo"'' and for all i G fc + 1. it holds that S^^f G Cg^Q 
and { a; : a;'0 G dom t^^ f } H (us^rd / ) ^ dom r^^ 5s-o /■ We further let 

(4) Ds^, / fl { / ' : 3 F , F ; / is Seip differentiable and 

(F , F) = a,, / and / ' - (F , (F , F) , (r,, 5s„ / ) ^) } , 

(5) Psc.p = {/:fceoo+ and 3/; (9 J ) e f e C,J + ^- and 

V i G fc ; / " i is Seip differentiable and / = 5s^(/~i)}, 
and also ""A / = Csoq-'^h/i and suggest that d^^f and 5^„f may be referred to 
by the phrases the Seip - variation and the order k Seip - variation of /. The class 
Dg, / may be called the Seip derivative of / . 

Note that any directionally Seip differentiable class / necessarily is a real vector 
map since by our definitions from dom r^^ / ^ U it follows that there are F, F, / 
with F , F G scgVS (R) and / G F/^ and f ={E,FJ). 

An exercise in set theory and logic shows that we have either d^^f — U or 
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(u) fc e Wo and there are unique g € U + and E,F £ scgVS(ii) and / G F^^ 
with f = {E , F , f) and = { ((a;) , y) : {x,y) £ / } and a function for 
alH G fc+ such that in the case i ^ k we have {a; : {x)~x G dom (g^i)} G t^j 
for every x, and for all z,y we have {z ,y) € g'' if and only if there are 
x,u G i^sE' and a; G {v^E)'^ with jz = {x)~x~ (u) and 

y = Tj.j i^- lirn ~ (( X + tu)^x) ~ g'i'' {{x)'x)) ^ U. 

Here we understand that a limit equals U if it " does not exist " . In the case (u) we 
also have 5 / = (i? + 1 ■ 1 , g ^ fc ) , for i? ^ 1 = n o.vs do^^ ( ^ x { £; } ) . 

43 Proposition. Cg^o is a BGN -class on scgVS(i?) over R. 

Proof. First, to see that Cg^o is a productive class on scgVS(ii) over R, we 
must verify that for all E,F & scgVS(ii) there is G with Cg^o" prod„^i (S, F, G) 
as specified in Definitions S] above. To verify this for G — E \k\ F, first note that by 
Corollary[27]we have G G scgVS (R) , and then that for iH,EJ) , {H , F, g) G Cg^o 
we have (77, G, [ /, 5 ] ) G Cg„o by Lemmas ITTl and [T5l. 

For the verification of the postulates (1) , . . . (6) in Definitions |4], first note that 
by Lemma[5]we get (6) directly from the definitions since Cg^g- Prod (-R ^E) ^ R^ E 
and trivially r^^ t^^E C Tj^>^ t^^ E = t^^{RW\ E) when E G scgVS {R) . We have 
(1) , . . . (5) as trivialities or well-known facts given by straighforward verifications, 
noting e.g. that ([T]) just means that a function is continuous with open domain if 
it can be expressed as a union of such, and that for Q under the premise we have 
( 5 ° / ) G C / ( g - r,, G ) C / - - T,, F C r,, F . □ 

In [ [T71 : Theorem 3.8, pp. 82-83] , Seip incidentally established the following 

44 Lemma. Let f = (E , F , f) . If f is directionally Seip - differentiable and 5g^ / 
is continuous, there is g with the property that {E E W\ R,F ,g) G Cg^o , and also 
such that for all x,u,t,yi with y^ (zV^F it holds that 

f\x + tu) ^ f^x + ty^^U ^ 3y ; {x,u,t,y) £ g and [t ^ ^ y ^ y^] . 

Putting X's^jp^j ~ {{E,F,f) : f is stetig differ enzierbar 

E D dom / ^ F in the sense of [ ITBl : Definition 4.2, p. 60] } , we have 

45 Corollary. For all f and g it holds that 

(a) Vt, = Vl^^ (Pg^ip ,R) = VL^ , 

(b) / is Seip ~ differentiable Dg^ f is a vector map , 

(c) / is Seip - differentiable 4^ f £ T^scip 

f is directionally Seip - differentiable and 5g„ / G C^^q, 

(d) / and g are Seip - differentiable and rcr^.^ / = a^^ g 

=^ TrdSs^ig o / ) = T^^Ss^g o [ / o pri , 5g„/] . 

Proof. The equality T>^^.^ — V-^^^{V^^.^, R) follows from Lemma above by 
a nice exercise in logic. For (b) assuming that f — {E , F , f) G I^gVip , it suffices for 
each fixed x G dom/ to establish linearity (J^^E cr^^F of r^^ (5g„ /(x, •) . This 
follows from [|2]; Proposition 2.2, p. 223] . 

To get (Pg^jp , i?) — X'g^ip^a , we first note that for f — {E,F,f) we have 

/ e I'le.p,^ if and only if F,F G scgVS(J2) and for L = C,^{E,F) and U = dom/ 
and = {{x ,u ,t) : X ,x + tu £ U } , we have U € t^^E and / G (w^ F ) , and 
there are /i G (vgL)^ and h G (vgF)^^ such that fi is continuous t^^E t^^L 
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and h is continuous r^^ {E E fk\ R) — > F with U x {v^E) x {0} x { 0^.} C h , 
and such that for {x,u,t) S it holds that 

f''{x + tu) = f ' X + fi {tu) th\x ,u,t) . 

Noting that by Proposition [3T] continuity of {E,L,fi) is equivalent to that of 
{E |kl i?, F, /i^) , and recalling the above established property that / S X^s^ip implies 
linearity of {a,.^ E , a-^^ F , t-^^ 5 f {x , ■)) for all a; G U, it is a simple exercise in logic 
(to the reader) to verify that 2?b^gn (^s^ip j ^) = ^soip72 • 

For (c) assuming that / is directionally Seip — differentiable with (5s„/ G Cg^Q, 
we only have to prove continuity of /. Taking i = 1 in Lemma |44I above, we have 
f (x + u) = f X + (x ,u ,1) for u close to 0^ , whence the assertion. For (d) we 
refer the reader to see [[2]; Proposition 3.1, p. 225] . □ 

Property (d) in Corollarv l45l mav be called the first order chain rule. The differ- 
entiability classes V^^^,^ for different k are related to one another via the recursion 
rules given in the following 

46 Proposition. For all k, f it holds that f G 'D^J^'^' ^ (a) <^ (b) , when the con- 
ditions are as given below. It also holds that V^^^ = { f -.y k e ; f e V^^.^ } . 

(a) /6 2?se.p ^g^/GPstp, 

(b) / is directionally Seip - dijferentiable and S^^f G I's^jp • 

Proof. One obtains / G Z'scJ^' ^ (a) similarly as in the proof of PropositionfTOl 
above. For (a) <^ (b) , it suffices to observe that / G I'siip follows from directional 
differentiability and continuity of the variation by Corollary [45](c) above. 

For 2?o = { / : V fc G Wo ; / G V^^,^ } , to establish V^^^ = Vq , note that we triv- 
ially have QT^o ■ To get the converse, arbitrarily fixing / G 2?o ; a-^d consid- 
ering the class 

r = {/ : 3fc G 00+ ; Vz ; (0,/) G / G C,J + ^- and 

[ i G fc => / is Seip differentiable and f\i^) — 5s^{f'i) ] } , 
we first see for / , g G F that either f g or g ^ f , and consequently that IJ F 
is a function. In view of / G Vq , this further gives IJ F G F with dom IJ ^ = IN^ , 
whence / G X'g'^p follows directly by definition. □ 

Some further basic properties of the classes T)^^^^ are given in the following 

47 Proposition. For all E,F,G,H,P,f,g,k it holds that 

(1) {{E,F,Ux{y}):U e t,,E and yev^F} \ scgVS (R) C V,% , 

(2) {{E, F J) : e e v,C„{E, F)} \ scgVSiR)'^^- CV,%, 

(3) -/:,,,v3(H)ci?-^, 

(4) {E,FJ),{E,G,g)& V^^ ^ (E , F ^^G,[f , g]) e V^^ , 

(5) {E,FJ),{F,G,g)&Vl^^iE,G,gof)eVl^, (chain rule) 

(6) {E,FJ),{H,G,g) G V^^ ^ {E a H , F a GJ x g) e V^^ , 

(7) P = iE,F) G scgVS(i?)x^- and f is a function and 
[yz;3h;zef^zehcf and iP,h)€ V^^ ] ^ (P, /) G V,t^ . 

Proof. We get ([iJ by a trivial induction using Proposition |46] above when for 
fixed / = (£:,P, [/X {y}) wenotethat 5s J = {E K E ,F,U x {v,E) x {Op}) . We 
get © similarly, noting that SsA^ , F , i) ^ {E E , F , £ o pr^ \ (vsE)''^-) . In or- 
der to establish ^ , note that for b ~ {E.2,F,b) G ''X^^^vs we have 
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and hence that also 5^^ b e ^'C^^^^^ (R) . 

For ([4]) the case fc = foUows from Proposition [43] above. For the inductive 
step, letting = t^^ 5s^{E , F , f) and gi = t^^5so{E ,G,g) , note that we have 
5,AE,FaG,[f,g])= {EaE,FaG,[f,,g,]). 

For (O the case fc = is got from Proposition For k G W, one proceeds 
by induction, noting that with = r^.^ F, /) and g^ = r^^ (F, G, g) , we 

have (5se {E ,G, g o f) = (iJ H F , G, 51 o [ / o pr^ , /i ] ) by the first order chain rule. 
For the inductive step, assuming that we have the result with k £ IN^ and that 
{E ,FJ), (F, G, 5) e Vl+^- , first note that (F H F , F H F, [ / o pr^ , A ] ) G V^^ 
by ([2]) and ([4]) , and then use the inductive assumption again. 

Noting that f x g ~ [fo pr^ , g o pra ] , we get ^ from ((21) and ^ and ([5]) . 

Finally, for the inductive proof of ([7]) the case k — % has been "explained" in 
the proof of Proposition |43] above. Now assuming that we have ([7]) for a fixed 
k£lN^ and for aU P,E,FJ, and that also P={E,F)£ scgVS{R)''^- and / 
is a function such that (*) [V Z ; 3h ; Z e f ^ Z e h C f and (P, h) G Ps^t^' ] 
holds, to establish (P,/) G by Proposition glKb) it suffices that (P, /) is 

directionally Seip - differentiable and that 5^^ (P, /) G 2?scip • 

Having (P, /i) directionally Seip - differentiable when {P,h) £ T>^^^^- C Pg^^-, , 
inspection of the definitions shows that from (*) we get that (P, /) is directionally 
Seip -differentiable. To get 5^, (P, /) G V^.^ , putting G = F H F and Q = (G, F) 
and /i = (P, /) , we apply the inductive assumption with Q ,G,F, f-^^ in 

place of P,E ,F, f . Indeed, if G /i , there are x,v with W = {x ,v , f-^ {x ,v)) . 
For Z = {x, f^x) then Z € f holds whence by (*) there is h with Z £ h C f and 
(P; h) G 2?s^+^- . For = r^^ (P, h) it follows (by an exercise to the reader) that 
W £ hi 'Z with {Q,hi) G "D^^.^ . Consequently, the premise in the inductive as- 
sumption holds, hence also the conclusion, that is 5^^ (P, f) = {Q, A) G I'g'^jp . □ 

48 Proposition. For all k it holds that 

^soip = { / • / is order k simply Seip - differentiable } . 

Proof. Let P^. = { / : / is order k simply Seip - differentiable } , and let (fc)^ 
mean that T>^^^_^ = Vf. holds. From Definitions |42] above, one first checks that 
we have Pj, = for k ^ 00^ , and that = { f -.V k £ IN^ ; f £ T>i^} . In view of 
Proposition [46l above, it hence suffices to establish Vfc G ^Vq ; {k)j^ . 

Given /= (F,F,/) G scgVS (i?) ^2. ^ u with / G P/^, and considering the lin- 
ear homeomorphisms L^: E ^ £'i]kvB ^j^fj L2 - E ^E ^ £'2]kvs given by x i— > (x) 
and {x ,y) <—>■ {x ,y) , respectively, from the result around (u) after Definitions 1421 
we see that / — t^^ / o and [ r^^ 5^^ f — t^^ 5^^ / o or [ dom / r,.j F and 
6^J = 5t / = U ] ] . Using this, by Definitions gH we get Vfc G 2. ; (fc)^ . 

We next assume that k £ IN with (fc)^ , and proceed to get (fc^)A as follows. 
First letting f ^ {E,F,f) £ Vl+^- , then / G V^^.^ , and by Proposition[46](a) also 
/ S ^sl'ip and S^^fe I'scip ■ Using (fc)^ , we obtain f , S^^f £Vi^ . A "straightfor- 
ward" induction on Z G fc^ shows that we have 

T,,5i+^-rx = r,,dL5,J'{{{x'i!),x'l.))^{ix'i^\0^):iel) ), 
for X G (usF)' + ^- with a;'0 G dom/. Taking here I = k, we get 5^';+^ / G Cg^oi 
and see that { a; : a;'0 G dom /}n(usF)'^ + ^C dom t,.^ S^^'^^f. Consequently, 
noting / G Pfe , we get / G V^ + i, . 
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For the converse proof we first introduce the notation 

Kx ui X = {x i)' {x \ (^x o (i + j + 1. : j £ JVq )) . 
Next, using the linearity from the proof of (b) in Corollary H51 above, by induc- 
tion on I £ IVq one (= the reader!) proves (*) that for an order Z+ simply Seip- 
differentiable map / = {E , F, f) and for any x £ {v^E) ' and x £ dom/ we have a 
linear map (r^^ ^sc^"^' /'((^j"")'^) ■ " G ) : cr^^E (^vaF ■ 

Now, assuming that f — {E ,F, f) £ I^/c + i. , then / G Vi whence by (1.)a we 
have / £ I'sVip . Consequently, by Proposition HSlfa) and (fc)^ to get / £ T>^^^^- it 
suffices to establish / G Pfc . To get this, by induction on Z G fc+ one proves (x) 
that for X £ dom / and u £ VgE and x,u £ [vgE) ' we have 
'rr^^iJsJ\{{x,u))'[x,u]) = 

Tr^Sl^^- f'{{x,u)'x) +J2iei'^rd5lf''Rxuix. 
For the inductive step here, noting (*) above, and also letting y,v £ v^E , one 
checks the computation 

Trd + 5s, / ^ (( (x , u) ) ' [ a; , M ] ' ( (y , u) ) ) 

= 7-,^-F^-lhii t-^{T^^6l6^J^{{{x + ty,u + tv))'[x,u]) 

-T-.d5sUs./^(((a;,u))'[a;,M])) 
= r^.F -]im r 1 (r,, 5l+'- f ' {{x + ty ,u + tv)'x) - r,, 5l+^- r{{x,u)'x) 
+ J2rei{'^':i^Lr'R{x + ty)uix-T,^5^J^Rxuix)) 
= T,,5!, + ^-f'{{x,u)'x'{y))+T,,5i + ^-r{{x,v)'x) 

+ E.ei^r-Sl^'-rR^uzix'{y)) 
= r^,5i+'-f^{(x,uyx^{y})+j:^^,^,r,,5l+'-rRxiu'{v})i{x^{y)). 
Finally, from (x) we "directly" see that 5!,^5^^f £ Cs<,o with also 

{z:z'9£ dom T,, 5se/ j n {v, (E H E)Y + ^- C dom r,, dl 6,J 
for ain G A:+ . Consequently 5^^ / G 1?^ , as was to be established. □ 

A not quite short analytic- combinatorial proof shows that for an order I sim- 
ply Seip - differentiable map / = {E ,F, f) and for x £ dom / and x £ [v^E)^ and 
any bijection a : I ^ I we have r^^ 5s„ / ' ((s) 'x) = t^j / " ((x) " (a; o ct)) . If we 
had first established this result, in the above proof we could have written also 
T,,5lf'Rxmx^T,,5lJ'{{x)^{x\Hi\{i})U{{z,ui)})). 

49 Construction. With any classes g , k we associate 

I'^g = {{E a E , F, g^) : k £ IN^ and i?, F are real topologized 

vector spaces and g £ and g = {E ,F, g) and g^ = { (x, u, y) : 
[Vs;0<s<l=>a; + suG dom g ] and y — F - Jps'^g'(a::4-su)ds}}. 

By elementary set theoretic manipulations, we have either /*'' g = P| = U , or 
k £ INq and there are real topologized vector spaces E , F and g £ F^ ^ with g = 
{E , F, g) . In the latter case I^g= {E \k\ E , F , g^) where g^ is the function defined 
on the set of the {x,u) with x £ dom g and u £ v^E such that x ~\- su £ dom g 
for < s < 1 , and such that also the function s ^ g'' {x + s u) on [0,1] inFis 
Riemann integrable to some y . Deeper properties important for our purposes of 
the integration families J : C^^^ B g i-^ I'^g are given by the following 
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50 Lemma. Let k G IVq and J = {I'^g : g G Cgeo) • T/ien rng J C Cg^o = dom J 
and J " 2?s^^'ip C Pg^^jp /lo/d. ^Zso if g = {E , F, g) G f giip ' Z*"" '^^^ x ,y ,u,v such that 
{x ,u) ^ domr^^l'^g and y ,v ^ VgE it holds that t^^Ss^ l'' g{x ,u ;y ,v) = 

Proof. Write / = [0,1]. Arbitrarily fixing g — {E , F,g) G Cg^o i '^6 first show 
that I'^g & Cs„o • Putting G = E' and F-^ = t^^^F and = T^^l'^g , note that 
since t^^G is a compactly generated topology, and since we have F = k^^F^, it 
suffices that {G, F^, g^) has open domain and is continuous. Hence, arbitrarily 
fixing z = {x,u) G dom g^ and a closed convex V G Mo F^ , it suffices to show (e) 
existence of 14^ G N'i,^{z ,t^^G) such that for all w G W we have g^w — g^z G V . 
Note that this implies W C dom since by [TS'; Theorem 69, p. 261] we have 
g\W — g^z = \}^Viiw^ dom g^ . 

To establish (e) above, we consider the set 
M, = {{W,N) : l^GXh(^,T,,G) and 3 i G / ; iV G (i , r^) and 
Va;\u\s; {x + ,u + u^) eW and s € I \^ N 
^ g^ {x + x^ + s [u + u^)) — g\x + su) G V } . 
Putting m = (x + su : X = {x ,u, s) E tJs{G H R) ) , note that m is a continuous 
second order polynomial function G Fl R —>■ E since in its decomposition 
X = (x ,u,s) 1-^ (x ;s ,u) = {x,z) H-> (x, rcr^j E^ z) 

= {x,v) ^ a^^E'Y = X 
besides the continuous linear projections as factors there are the continuous linear 
and bihnear {G,E , u^^ E) and {Rn E ,E , ra^^ E) . Consequently, since [E ,F^, g) 
has open domain and is continuous, the same holds also for (G □ i? , , g o m) . 

Using this, we see that / C [J rngTVo, whence r^^ - compactness of / gives ex- 
istence of a finite C AAq with / C [J rng TV. Putting = H dom TV, we have 
W G TVfc/j (z , G) , and for (e) it now remains to verify that for arbitrarily fixed 
u) = z + {x^ ^u^) G W we have giw — (giz) G V. Letting 

7 — {s'' (g^ {x + x'^ + s {u + u'^)) ~ g" {x + su)) : s G / ) , 
we have giW — (giz) — F-J^^ — F-^- ^ , whence by our Lemma [38] it suffices 
that rng 7 C ]/, which in turn directly follows from our arrangement above. 

Next assuming that g G I'siip ' show that for z — {x ,u) £ dom g^ and w = 
{y,v) with y,v G v^E we have the asserted variation formula t^^S^^ I'^g^ {z ,w) 
= Y, putting Y = F- J^{s''T^a5s^g^{x + su,y) + s'^' + ^-t.^ Ss, g^ (x + s u ,v)) d s . 
Noting that the topologies r^^ F and r^^ F-^ have the same convergent sequences, 
one quickly deduces that for arbitrarily given closed convex V G TVq F^ , it suffices 
to show (x) existence of some 5 G such that for alH G with Q < \ t\ < S we 
have t~^{gi{z + tw) ~ g^ z) - Y e V . 

To establish (x) above, letting 

Tv^st ^ T^^5s,g^{x + su + t{y + sv),vi) - T^^6s,g^{x + su,Vi), 
for each fixed G v^E the function Tv^ : S — (s.t) i—>- Tv^st defined exactly for 
the S £ 1R^^^ having x + su + t{y + sv) £ dom g is continuous T = Tj^'><~t^ 
—>■ T^^F^ and satisfies / x {0} C (r?;i)"'"{0^} and dom (Fwi) G T. Using this 
in conjunction with compactness of /, one deduces existence of (5 G such that 
we have Tvst,Tyst€ ^ for all s G / and t € M with \ t\ < 5 . 

We now arbitrarily fait € M with < \ t\ < 5 , and consider in the space F-^ the 
curve c = {t^^{g^{z + s-^tw) — g^ z) — s-^Y : s-^ ^ I) ■ Note that for every G / 
we have x + s u + s-^^t {y + s v) G dom g for all s G I, and also that the function 



Seip's differentiability as BGN 



27 



s t-^ g^{x + SU + Sit{y + s v)) is continuous. Recalling Proposition [37] above, we 
hence have Si S dom c, and thus indeed dom c — I. Noting that we have got (x) 
once c"l e y is established, by the mean value theorem (Proposition 1401 above) it 
suffices to show that c is differentiable with rng Dp^c C V. 

For this arbitrarily fixing Sj^ G /, using Proposition 1411 and noting the linearity 
from the proof of (b) in Corollary 1451 above, a direct computation gives 

Dp^c'si = Fi- {s'^T y s {sj) + s'^ + '^-r V s {sj)) ds, 
whence by Lemma [38l we get D^^ c'si € + C V . 

We have now (x) and by the variation formula we also have the decomposition 
T-.a 5s. / '=5 = ^.'d ° ((T.a / 5se 5 ) X (r,, / + 1- )) o £ , 
where the continuous linear map £ : {E\k\E)\ki{ESE) = E^^E^\kiE^ is given 
hy {x ,u ;y ,v) ^ (x ,y ;u,0^ ; {x ,v;u, Oe)) ■ Having already established the inclu- 
sion rng J C Csoo J this gives S^^I^g £ Cg.o when applied also to k + 1. in place 
of k, and consequently by Corollary [45](c) also J^^f glip ^ ^slip verified. □ 

In proving that 'T)^^^_^ ~ 'D^^^^{'D^^^_^, R) we shall utilize the following 

51 Corollary. For any k and I £ ]N^ and g G Pg^p , it holds that I^g £ V^^.^ . 

Proof. Since V^^^ =0 if fc ^ cx3 + , it suffices to prove by induction that for 
k £ JVq the assertion holds for all I and g . The case fc = or k — 1. having 
been settled by Lemma [50] above, assuming that the assertion holds for a fixed 
fc G W, and that g = {E,F,g) G I'scit^' - by Proposition [46] we have g G V^^.^ and 
5s„ 5 G I'g^.p . By the inductive assumption then l'' Ss^g , l''~^^5sag G ^scip j ^^"^ 
by Lemma [50l also I^g £ T>^^^ holds together with the decomposition 
T,,5sJ'g = a,lFo{{T,,l'5srg) x {t,,I' + '- S^.g)) o I , 
where the continuous linear map {E^ ,E^\k\E^,£) is as in the proof of Lemma [SD] 
above. By Proposition \^ and items ^ , ^ and ([5]) of Proposition [17] we hence 
obtain the membership I'^g £ T^s^^^' as required. □ 

52 Theorem. For all k e oo+ it holds that V^,.^ = V^^^{V^^.^, R) . 

Proof. It clearly suffices to treat the cases fc G oo = IVq. Proceeding by induc- 
tion, we first note that the case /c = is trivial, and that the case k = \ . has been 
settled in (a) of Corollary [15] above. 

Let now k G IN with P^^p = '^LM., , R) ■ " / S V^aV' (T^L ' ^) ' then 
/ e I^BON (2^s"ip , -R) C Pip and -A / G V^^^ {V,% , R) C V.^^ . Putting £ = 
{EaE,E\iiEaR,£) where £ ^ {{x ,u ,0) : z = {x ,u) & (v^E)''^-) , we have £ 
a continuous linear map, hence £ G Pg^^ip , and also (5so / = "'^^f o ^ , whence the 
chain rule gives 5s. / G V^^.^ . Using / G V^^.^ we get / G T)^^^^' ■ 

To establish the converse, assuming that f ~ {E , F, f) G Pgei^' i we have / G 
^'bgn C^so,^ > -R) : whence to get / G Pbgn^' (Pg^ip , -R) , it suffices to obtain ""^A / G 
2?stp ^ I'b^gn (Z^s°ip , -R) ■ By Proposition [IT]® , considering = (xq , , to , y) e 
/ ^ = ""A / , with G = i;Hi5HJ?, it suffices to establish ft, with W e hC and 
(G, F, ft) G Pg^p . If to , we may take h = f'\ (pr^- [ U \ {0} ] ) . 

To handle the case t^ = Q , letting rh = (G, H H (i^ H i?) , m) , where m = 
( (x , u ; t M , Og) : X = (a; , M , t) G UsG ) , we have m a continuous second order poly- 
nomial map, and hence to G Pgoip • By / G V^J^"^- we have 5s. / G Pg'liip j whence 
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by Corollary [?T] above we get /"Sg^ / e 2?soip i ^"^^ consequently for h — {G,F,h) 
= / 5s„ f o rfi the chain rule gives h G I?g^j . For X = {x ,u,t) G doni h having 
h'X = T,j"-dsJ''im-x) = T,^I°-5sJ^ix,u;tu,0E) 

= F-Jo ^rdSs.r{x + stu,u) ds = f^^{x,u,t) = f^^X , 
we see that G /i C /\ completing the inductive step, and the whole proof. □ 

53 Lemma. Let E,F,G £ scgVS(il) and L ~ C^^{F,G) and U Gt^^E and also 
fi G ((■L'sG) ) and f — fi^. For the condition (n) below, for all k G it 
then holds that [ (n) and {E El F, G, /) G V^^^ ]^ {E,L,f^) G V^^^ . 
(n) X is linear a^^ F — > a^^ G for every x G U . 

Proof. If A: = , the assertion follows from Proposition[5T]above. We next prove 
the assertion for k — 1.. Let f = {E fk\ F , G , /) and /j = {E , L , fi) . First assum- 
ing (n) and that / G Z^slip i to prove that fi G fslip > by Proposition US] it suffices 
that /i is directionally Seip - differentiable and that S^^fi is continuous. 

Putting gj^ = {{T^^5s,r{x,v;u,0p) -.v GVsF)^i^: Z = {x,u) gOJ , where 
O ~U X {vgE) , to establish directional differentiability with r^^ 5sc/i — 9ij we 
arbitrarily fix Z = G O, and take any Gq G ^^^'"{G} n LCS(i?) . In view 

of Lemma [Ml it then suffices for arbitrarily given t^^ F - compact K and closed 
convex V G Afo Gq to show (e) existence of S G such that for all t G M and 
V G K with < |t| < (5 we have Z\(t,i;) G upon putting 

A{t,v) ^t-^{f^{x + tu,v) - f^{x^,v)) - T^^6s^r{x,v;u,0p) . 

To establish (e) , using continuity of Ss^f and of the algebraic operations of E 
and compactness of K , we first see that there is S G such that 
(*) T^d5s^f^(x + tu,v;u,0p) -T^^6s^r{x,v;u,0p) G V 

whenever t G M and v G K with |i| < J. To get A{t,v) G V for arbitrarily fixed 
such t , V with i 7^ , by the mean value theorem considering the differentiable curve 
c on [0,1] with values in Gg and defined by 

S t-'^{f^{x + Stu,v) - f^{x,v)) - ST^^ds^r{x,V]U,OF) , 

it suffices that rng Dq^c C V. By (*) this indeed is the case. Having now 5^^ fi = 
{E \k\ E , L , gi) , to prove that S^^fi is continuous, we just note that this directly 
follows from Proposition [31] by continuity of 5so /• 

Next assuming that G "Dg^.,^ , trivially (n) holds, and to prove that / G 2?sl'ip i 
we again establish directional differentiability and continuity of the variation. With 
O^^U X {V..F) X {v,E X [v^F)) , letting 

9 ^ {T,i5sJ^{x,uyv + f'{x,v^) -.W = {x,v\u,v^) GO2) , 
to prove directional differentiability together with the equality t,.^ 5 f — g , for 
arbitrarily fixed W = {x ,v;u ,Vi) G O2 , tor t G M with 1 1 \ small, having 
t'^{f^{x + tu,v + tv^)~f^{x,v))~ 5s, fi{x,u)^v - f^{x,Vi) 
= t'^{f^{x + tu,v)- f'{x,v))~ T^i5s,fi{x,u)^V 

+ f^{x + tu,vi) - f^{x,v^), 
we see that directional differentiability is immediate by continuity of / following 
from that of /j by Proposition [21] above. Continuity of S^^f follows similarly. 

Finally, for fixed F, G letting P (fc) mean that the assertion of the Lemma to be 
established holds for k and for all the appropriate E , fj^, we prove Vfc G IN^ ; P {k) 
by induction as follows. The case fc = or k = 1. already having been established. 
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we assume P {k) , and let g and gi be as above. Using Proposition and assum- 
ing that / e Vl+^- , we have / G V^^ and 5,^ f e V^^ . From 5^^ f £ V,i^ we get 
{Efi^EaF,G,gi'')€ X>s^„p , whence by P (fc) it follows that 5se /i = (^rd 5sc /i , 5i) 
e . Since by / e V^^^^ and P (1.) we have A G ^3^;^ , then A e Psc.j follows. 
Conversely, letting e X's^,+^ - , we have A e V^^.^ and (x) that A , 5se A £ ^^stp • 
From (x) by P (fc) it follows that f,{EW\EWlF, G, g^^) £ Vl^^.^^ . Since with 7J = 
E W\F \^{E UF) and 4 = ( (a^, ^^i) : = (2;, w ; u, Wi) e Usiy ) and i^ = {{x,u, 
v) : W — [x ,v;u , v-^) ^ v^H ) we have the continuous linear maps {H, H F, £q) 
and (i? , E E a F,£j^) with the above estabhshed g = a^^G o [g^^ o i^^ ^ f o £g] ^ 
by © , jH) and © of Proposition |47] it follows that (5s„ / = (cr,^ 5sc /, 5) £ 2?g^„.p • 
Since by A e I'slip and P (1.) we have / g P^i^p , then / e follows. □ 

54 Corollary. Let / G P^i;^ . T/ien 5^, / G P^t^ ^ Ds„/ G V,i^ for all k e . 

Proof. Applying Lemma [53] above with E in place of F and F in place of G and 
Dg^ / in place of fi and 5s„ / in place of /, we see that under the assumption that 
/ e ^^slip we have 5,^ f G ^3^^ if and only if D,^ f G V^^ . □ 

55 Theorem. Let f ^{E,F,f). Then f G P^^p <^ (a) or (b) or (c) or (d) for 

(a) k = 9 and E,F e scgVS (i?) anrf 

/ G and dom / G T^a-^ '^'^'^ / continuous t^^E t^^F , 

(b) k — \ . and f : E D dom f ^ F is stetig differenzierbar 

in the sense of [ 116k Definition 4.2, p. 60] , 

(c) k E ]N\2. and f : E D dom / F is fc-mal stetig differenzierbar 

in the sense of [ 1161 : Definition 5.1, p. 75] , 

(d) k ~ 00 and f : E Z) dom f ^ F is unendlig oft stetig differenzierbar 

in the sense of [16; Definition 6.1, p. 85] . 

Proof. First note that V^^^ —$ if k ^ 00^ . Then we see that the assertion 
concerning (a) is trivial, and that for (b) it is given in CoroUarv l45l(a) above. For 
a moment supposing we already also know (c) we obtain (d) by 'D^^^_^ C T)!^^^^ and 
V^.^ = {f -.yk e IN^; f € 2?stp } obtained in Proposition 1151 above. 
Now, for (c) considering the classes 

V, - {/ : 3/; (0,/) G / G U^' + i- and Vz G fc; /^»+ = D,^{f'z)}, 
since by the above we have 'Dl^.^^^ — { / ■ / is Seip - differentiable } , in view of 
our definition of the Seip derivative, it suffices to prove that Pstp = Vk for aU 
fc G W. By = already having the case k = 1., assuming that with k E IN we have 
^seip = J we prove that also T)^^^^- = "Dk + i. as follows. By Proposition [46lfa) 
and Corollary [54] above, for all / we have 

/ e Vt+^- ^ f G Vt, and 5s. / G V^^ ^ f G P^p and D,^ f G V^^ 

^ / G Vi and Dg. / G Pfc , and as in the proof of Proposi- 
tionfTUlit is seen that / G and Dg,/ G Pfe <;=> / G Pfe + i. . □ 

As a consequence of Seip's non-uniform manner of putting his definitions, the 
proof of our Theorem 1551 above became a bit clumsy. See in particular [ 1161 : Defini- 
tion 5.1, p. 75] whose clarity surely is not the best possible. We interpreted the 
vague presentation there so that in Theorem [55] we have the equivalence 
(c) ^ k €N\2. and {E,F,f) G Pfe . 
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56 Example. We prove that / G D^^^ for the map f = {E S E , k^^E , /) , where 
with E = V{]R) and F = C°°{1R) and t = id , we have / = A | (vsE)''^- for the 
function /j = {x o (l + y) : z = {x ,y) G (w^F) ) . 

We prove first that {F n F , F , fj) e D^^^ . Note that since is a Frechet space, 
it is Seip - convenient and F Fl F — F fk\ F holds. Letting denote Seip's canon- 
ical function space T)^ {v^H ^ ,G) , which in [ [TBI : Kapitel 6] would be written 
D°°(if D VsH,G) , we "hence wish to have A G ^^(i?^)^'^^) ■ By [16; Satz 
6.18, pp. 91-92] this holds iff ''A G . For i G 1? and x,y€ v^F 

we have ^fi {t;x ,y) — fi {x ,y)'t — x'^ {t + {y't)) , whence we see that ''/i has 
the decomposition 

{t;x,y) ^ {t,y,x) ^ {t,y't,x) ^ {t,s,x) ^ {t + s,x) = {r,x) i-^ xW , 
and consequently that for "A G Vs[R^'^''^'^^^) , letting e = ev | {M x (vsF)) , it 
suffices that e G Us ( ^ " ^ ) . This in turn follows if we establish "'e e Vs((R^)'^) 
= ijg (F ^) . For t £ M and x G u^F having '^e^x^t = (t ,x) = x^t, we see that 
"^e = id^F, hence that "^e G {F ^) is trivial, in view of Proposition [47](l2l) . 

To obtain / G T)^^^ , we deduce as follows. Letting E / = T^i-i.i] (-2?) and G / — 
El nEl and i I ~ {G I ,E I , fj^ \ v^G I) , note that for every I £ we have E I a 
closed topological linear subspace both in E and in F, and that for x ^y G VgEl and 
t G 1? \ [-Z, Z ] we have fi {x ,y)^t = x' {t + (y't)) = xH = , hence fi{x,y) G 
w^E Z , and further rng t^^I I C u^E Z . From (F n F, F, A) G 2?g^p by Proposition 
H51it follows by induction on k e JN^ that S^^fl is global with Sg'^fZ G Cg^o for 
Z G ^ . Using this and noting that every r^^ E - compact iiT is r^^ E Z - compact for 
some Z G it follows that 5^^f is global with S^^f G Cg^o for ^ ^ IVq, whence 
by Proposition 25] we get / G fg'rip ■ 

Seip systematically used the concept of being scharf differenzierhar in [ [TBI ] when 
stating the premises in his various inverse and implicit function theorems. The next 
example shows that this property is so strong that these theorems are practically 
useless, at least when considering problems where maps of the form x ^-^ (p o x 
between spaces of smooth functions are involved. Indeed, the only maps below of 
this form which are everywhere scharf differenzierhar are those given by some afhne 
Lp : t at + (3 with fixed a , P £ M . 

57 Example. We fix a smooth nonaffine bijection (p : M ^ IR with ^ rng (p' , 
and with / = [0,1] and G = G°°{I) and f — {(p o x : x £ VgC) , consider the map 
/ = (G,G,/) . Since G is Frechet, it is Seip - convenient and C^{R) | {(G,G)} C 
Pg'^p , whence by [HH; Remarks 3.7 (a) ] it follows that f,{G,GJ-')£ Pg'^p . 

Note that we cannot obtain Seip - smoothness of / and its inverse by (directly) 
applying any exponential law in Seip's theory since the closed interval / is not 
an admissible domain there. However, one can prove that there is a continuous 
linear map, extension operator e : G — > F = G°°(Ji!) with x C e"x for x £ VgG. 
With the aid of Seip's exponential law, we obtain smoothness F — > F of the map 
fi:xi—>-ipox. Since also p : E G given by y t— > y | / is a continuous linear map, 
in view of f — p ° fi o e we can get / G Pg'^ , and similarly for the inverse. 

We next show indirectly that for any fixed £ M such that ip"{£,) ^ 0, when 
we take a; = / x {^} , the above map / is not scharf differenzierhar at the point a;. 
Indeed, suppose that / were scharf differenzierhar at x . This means that for 
g— {po(x + u) — ipox — p'ox-u:u£ VgG ) 
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it holds (s) that for every £ e £ (G, G) there are open zero neighborhoods U, V in 
G such that for h=(u + £^v:u€U and (u, w) € g ) we have a homeomorphism 
h : T^^G n U ^ T^^G n V , and in particular a bijection h :U ^ V. Note that for 
all u £ VgG we have g''u — (po(^x + u) — (pox — (p'ox-u = 

J^{ip' o (x + su) — If' o x) -u ds — s If" o {x + SiS u) ■ u'^ d s dsj . 

We now consider £ — {u' : u £ v^G) in condition (s) and proceed to show that 
h is not even injective. Fixing e £ sufficiently small, for Uq = / x {e} we have 
Ug £ U , and by 7^ we may also arrange that 

(*) /o /o («i s + s e) e + 2 s ^"(^ + s e)) d s d ^ . 

We have Uq + (q^Uq)' = Uq , and defining the smooth x ■ I ^ (-K x M) M by 

{t-T],?]') ^ V- £ + Jo Io{siS^ip'"{S, + Sj^s?])r]'f]'^ 

+ 2 s + Sisr])r]r]') ds ds^ , 
it now holds that Uq £ V, and Uq satisfies the differential equation x° [ id ; u , m ' ] = 
/ X {0} with initial condition u^O = e . More generally, we have 

= U n {u : X ° [^<i;u ,u' ] = I X {0}} . 
Consequently, we are done once we show that there is at least one u £ U\{uq} 
satisfying the differential equation x°[id;u,'«'] = /x {0} . 

To establish this, we utilize our previous result [ flTI : Theorem 5.2] from which it 
follows that if ^ {(93x'(i;e,0) : t S /}, there is 7 with (il,G,7) £ G^{R) and 
(e , Uq) £ 7 , and such that we have x°[id;w,'«']=/x {0} and it " = whenever 
{ri,u) £j . Then 7 is in particular continuous t^^G, whence for all ry suf- 

ficiently close to e we have rj = u £ U , and here u ^ Uq if we take t] ^ s since 
UqO = e ^ r] — u^O . By (*) we indeed have 0^{93x'(t;£,0):ie/}. 

Note also that essentially by the same method as above, we could have proved 
more generally that if x £ VgG only is such that ^ f"[ rng x ] , then / is not 
scharf differenzierbar at a; . In this case the function ^ { d x i^ t ^ 1 0) : t £ I ) is 
not necessarily any more constant but we may still arrange ^ rng by choosing 
e > sufficiently small. For example, if we take ip = {t + e* : t £ M) , then / is 
not scharf differenzierbar at any x . 

In the preceding example, we did not make explicit the space in which the 
function space integrals are taken in the expression for g^u. Most conveniently, 
they are understood to be in i?^!'™ , but they could have been considered also in 
G or , of which the latter is not sequentially complete. 

58 Example. Let E = (X,T) £ LCS(ii) , and let C be the set of bounded abso- 
lutely convex closed sets in E . If one wants to properly present the exact content 
of [ ITBl ; Definition 8.6, p. 108], tracing the matters back to [ ITBl : Definitions 0.10, 
8.3, pp. 4-5, 107- 108] one arrives at the conclusion that a full Seip norm in E is 
(cf. Remark[3] above) for example some u = n , (p^ , (p2 where fi is a functor between 
certain small "additive" categories (it not being worth while specifying them here) 
and the (p^ are certain natural transformations between certain associated functors. 
However, it turns out that the (p^ once existing are unique, and that n is uniquely 
determined by its object component n for which we have (n) that n £ C^"^ with 
z £ z C Clq-{n"x + {z — x)) for all x, z S v^E . Conversely, every such n de- 
termines a unique full Seip norm v . Hence, if one wants to keep matters as simple 
as possible, it is advisable to abandon the redundant [ [TBI ; Definition 8.6] and in- 
stead define a Seip norm in E to be any n satisfying (n) above. 
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To give a nontrivial example of a Seip norm, taking £' = i?^lt™ and n = 
(-ZR^n{z:VseJi!; \ z^s\ < \ s \ } : x G VgE ) , then n is a Seip norm in E . 
Note that from the triangle inequality \ z" s\ < [x" s \ + \ z\s — x" s \ it easily fol- 
lows that we even have z G n" z C n" x + n'' (z — x) for x , z G VgE . 

Supposing that also ipeM^^^ with | (p' (s , i^) - (p' (s , tj) I < 5 I - ^2 I 
for all s ,ti,t2 ^ M , and considering f — {ip o [id ,x] : x Vg E ) , then we have 

{f^x — f^y) C i n~ (x — ?/) for all a; , y G VgE . Consequently, by [ [TBI : Satz 8.8, 
p. 109] there is x with dom (/ n id) = {x} . However, the same result can be ob- 
tained directly from Banach's fixed point theorem by considering for each fixed 
s G M the {{s ,t , \ s — t\) : s ,t G IR} - contractor ip {s , ■) . 
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